LeecTurE 20 ¢ Seavences ) NETT § GwvVERGENVCE @

Ooh\ > go,ovwnvb u._ups c. m;.m ﬁo&i.)orm _‘m \_\rn tvo—oo&
ddmity o countubls boagsiy of open fety

@1«\ A ._.om._oa?cb spa ir codled separa bl if it Conthins a tovntulle denre %S&o«.N
Powroma €.6: Eveny 1% Comtulls spau ir Jeparable
dorrera 6.7 : >:4 n«_u»\f:.. me teie spa e hoy o towntuble c.&.&.

E LR) set of red seguento la,] rt. Z 4, < oo

fims metoe gpau via d (ab) =l a-bff whee ffaff=./3 A
the £t of eventudly null cotioned feoguen are d nld’ s

Y 2" enre 1n f (R) 7h
L4 R) ir reposable s 7 ¢

N % ’
\.&IWIV N \\\M\ Aoy & 0.33\7&&. MD.\\.\. \*c\o.\\«\s\.(\V S\i&.t&
Proposition 6.4: Tn a A~ Covnfable spawe evesy opea cover admitsr a counpobl, Svbeover

Q@%Q) n_-G’voﬁo&—.ork Hﬁ’g H’.}.\ *m\ }6 \.\Lm.b.)’}?.\\\? hX\c.\X ) PR > \hﬁe&)lr\&«
e every me:.i. odmity o cowntnbl loced boys, of nbAds,
mgx«xl, 6.1l : Metre Spaces ace fiert (omntubla &\.. \Q\Xs a \\\. my\ 9Ver foed

basis of nbhd, ot X .
b nd th melie o .
Ew“ o 8° Gantbl, _oa?....f_ wmpect Hawr docff ‘po ¢ fpec

. U Jan exhowhi, of
by Compact retr ; Hhek iy, o Seyvena U, C U, C--- of Crmpot sty n“.::uw X
sweh Mok Ko & _AMI for any N € IN. | V)




Seavences N..&.N " \5#&\ @
fwmx& A Segawnct (A @ &V\X\oql.v\bgp X, amyw a:IN—>SZL
where we uvie nebrbin Qli) =4, }m\.nt@ and olre 40,} hra: \Z\wkv

(1.) The Segwena waveyes A PeX if Hr any
nbhd U of p thee ir an NN st a4, € U Knzn

(2.) A pent Pe X s tlled o limit poat of A Segven u
}N for any nbhd U of P, ond fr n.\«\\ Zm%\ e e

nng Nn = >\ H.\P% \Vrr* &5 & N\o X\Q .?.\ \nx\ D.[th\(\xc\ocl\Q P‘*\

\
M«%{o:&(\ limitr ore .\\I.%Sa tn \\g&\\k\duo&. No;s\.&m.\\ seypuena \Qs\
whith Va0 to  dirhact P#9% in Mo Maw do 4 aa X
Siaw X ﬁk&&\%\c IV, V open in X wih Pel, .vmg\.h,é\
UnV =g, Siew §,—=F o/ 64— ¢ INMEN 1t
0o €V Ya2 N &b €V Vnzm, Joppse 02 max (N M)
Ahen G, € Unyv —e A\)<.h.\.

023\ A Seguenu .?sw in X ir soid o be Q:ca@\.\*. ¥ GAverss h
Ssrmi pelat P @ X, Whin X ir Usurelor M, we ray P is the linit
of 4an)] wd weite a,—>p or Kn(G,) = P. B

h— o0




\QQ\YL hcmhmmstoﬁ o\ ] :M\s«sﬁ qQ: \>\Ilv H @
s.s \N.- ho.S\uoﬁ\\\a o\ } \S@U\\\V a ec\§ fo mye e Qp
H\ \s.a\\V\ sr«\mP\\.\.% \0\.0&.\.: N AN PN

- o D::»

‘K&.‘; “\N. Nu\ \Q&\ be a \N\\&k«§§ n X, P
.Nv\ m .H.g.m .ﬁb%&)ab (7 * ant\ & ho)(u\“\sw *v \ & N\ \\$k3 \\ .n”.”..pu“~ /.ﬁ\.

- P s a [rmt# pe it Aor .\Q\.\ f/......ll. \“

Prook: Let U be nbkd of P. 8y det? of {Owy vaveying b PE X
I NewN . Q) €U ¥nzN. Lt Me /N and
N\?ohn m = Mmox \» \2\\\3.“ = b\s & ﬁ\ where m=> \x \xt\ 4 \V\\;.:.\.\\..\\

m_u?? £.18 : Let X be a (& connteble e, AS X. For every X n\.N\\Z.nbm.\

:.v 3 a Seguen with valug n A Hhat wnveryts H x . p
(2.) 4he point X i o himit peirt of an A-valued regueru IMN:M
. (3.) 1 point X belonys ¢n P clogure of A \S.So%\\

%«39;.. n Jomae D\;\*\\w lonrses Yat \x\%x‘\hb. \\L n\n\S\«

A I

o\. o Hﬁ* s& o\u.&.?n\ &% \\Nlh Set of ?\N\ l1on 4 \QosM\.\. e.\.l
\\\m\a *v%b«b%% \o\ug \.«%\ are bari whertw Hu&.&gk.}.v& idea  is LP&)\M.




K?s}‘. €./19: In a CGmpact Ipau, any segutnd Aors \\\.E.\\S.;&. @

Proof - Lef X be wwmpacf ond a:IN— X a fepuena. For evesy 7

we dehm Cm = Nm\. [ nzmf € X. Then X€ X 1w LA/
\*. hr a if X€ Cu For every M, NMebu KAt (n € _terpact
and € 2G 2C2C 2--- ir weatabl descendrry chan of

= <
Nen-emply clored tte =D Nilm ZF & by frp. 46 (. m.\.\.\\

\Sus

Q?—.Y> Space N (s nmmrfho\iv..?..r‘ no\S_uPod. K n<n\4
Seqmenw s o 9><~\m\e7* fubseguence.

W‘%PS‘(«(; .21+ A _mw vahbl S pac s JE€ %\Se\af&%\ ne\%?o\. \\\R Prod
. s ” 70f
every feguena & dmity 6 lmit peat. In pasficwlu, any II\\.
s ] /. Ay Lanle
! oontrll  Compart Spau is  alro Sepuentidly compact. Man .

@ho.vo...?.o: .22 : TFAE wn o 3™ wuntu bl spaa X

/
ﬁ_v X is hes)?:\*-
(2.) every fequenu ia & har & limgt et.

(3.) X s :M»se.)iti%\ ?3\;&

%A\Ss.\& 3 ..\. %?\RD\\ ?\u&?o* & H\an}.\.& Q‘\v\:\. \N..« NN\
h@t.l».xv wrppat D Grpact ( &x. 3.¢)




Caveny Se quences ( 56.3) @

:vm\«xb feguen o wax\ n @ 3.‘.1“\\\« e \N.\Q\
is o CAUCHY Seauence if foe any E>0 there ex/rty
an \.\a\m%«\ N rech Rt d (8, 0m)< € Va,m > N

f 7
m.w?e_%\ Yoo &3\&:\ H@

h“ - h—» 00

e

QNQN'\ 4, —> L &ar n—d oo A4 en AQ;\ lr \.o,:ox.w
Prook: Soppore  Gn —L. Then if €>0 , there exictr N € N
fuch 4ht 6, € B(L, 1) he M 02N, Thea appl, a-\@\
d(0n,8n) < d(a,, L)+d(L,0n) < £+ E£=€
%v\ n,m Z N . &»sw i GPSLJ Hs\»c,oxon.\\

%e}f) 6.25 : A CAvenY SEQUENCE IS CONVERGENT \&\ it Aoy
[tont # sc..“.\.s. Ia \9\‘?‘.&»\\ »3‘ N?Sox.w Sn\soxo. tn A \\\cns.\»rw
n\i\?o* \S.\\\m fpoc ?3(«.‘“\&.

1h.|.|m.. suppesn 408n) is Covehy fog. ta mefiic fpau NN\ &\\\ and fuppece {4, )
hoty lLimit point P.e X, m< msso.é es..r.a..:s ¢..(§ €20 we may relect

N € N for  whid d AP..‘: 9\,‘ < ﬂ\s hON N m A 2N. Jine P ¢r
lomi t si Ahece is elso M 2N fe which &:J Qn) < &, . \;E.o

d(? an) = d(fos)+d(0,,0,)< §¢£=¢
for Cverg NZM. They &, —> P ao n—soo.




OQN.‘\\ > metri fpaca Y «P\\«\ ?xsmmma ?\ mtn\w\ @
N.Q.Fo\,ﬂ .D.\%\tasﬁ ?:c-\bn\ f a \oaS* ‘A N

Siaw Lemma 6.2( mdiedey every Gmpact mefoi fpace iy 3::3..\\\ tmpact
we find From hemmi 6.2 et evey Gmpact metiz spaa ir paplede,
Suvare ves9 mvch D.v* 93\?«* mk’?\x& of Qi\\ok metsse .\.\A&Q\

Tﬁ\ The Eucliden spaco R and C" are tamplede metni pass M

Pook: Sina €' = IR we may hew on R" Let
Aon | be Cawchy Sey. in MR7 and chooge NeN % whiy
Ila, — Ay «\A [
Re Ml n2 N Goastruet R = moxfiia Wasl,... flan il f

We  obServe lan =0 )l < | renpliw *?.“ it Swbsed of Gmpect Spe
D= xR |ux= Ru}

\*rcs r4 \los)t.., €.25 ~ 9)\ 8><~\“‘C =) §N n 9%\‘\?\\
%«\39\5 - %\.S.. R Sow—tfech \Q\s..\ o Ahir sy veanced (elente p- U2
which, h my view, 1  easser, \\ (Remats: T rlipped Lemma 624 and [o4] va. .§\~V

Fop. 6.29: A subipau in o Gaplebe metni spac ir closed & Fha Jubspau it mplefy
w.r b, tha saduced mets, .




Comemer Merric Spacer \,m,m.\\ @

Det7 A meteic spau is said +o be .HE% bounded
W i+ Can be covered _u< o finite # open Oo(:%

o.ﬁ odivs ﬂ:\ \%ﬂ 93.,\ ﬁo;?.\:\n \.mr\ # r,
A dotelly bowaded Metui goan iy bounded (ki mox ovie Farbe# of b

%«332 €.31: m.cn\c_ ho».c..)j.?:.m\ 937»&. metric Jpau is ..\e*P\\ﬁ mes\g\n\.

Femmrs 632 €very +ohlly beunded et wpac ir 3% curtlle,

Th® €.33: Tn & metric spaw X, TFAE,

A_.V X h.s)wo.&.

(2. every Seguenc ia X hoar o limit poeat

(2) T i segmentiolly compact

M.) X i templete and +o+P:®. bounded "
Fucdmermoce, i any o of it aboue ?E.o thon X i 3= onntbble

Lo 6.34 . A swbspauw A in o metre Spew s *a?\\q bonnde] € A ir .\Sr\\y

utsé.
Onhwb,wcprc.\/o%p.r?hvpcwc .D.N?}.R@Q\sn»mw
if it i cenhrined Ta & wmpadt subspau of X

Mo?:tg €.36 . A mc.r%o.s n a noBme«# metric spaw s 2?&5@
Compoct H oW v ;._.dz@ bevnded .




rmimnxm\u Jers Anvo  MNers Nﬁmémxb:m@ Sequencer) Mw\h% Manedf; g

Nere alfow Ahe ategptod a reguena in He wn fext Remuck : rhippa) $6.5 6.6

° ‘eed hich ace net 12 countnd and E.F which toncen
of \o\u \.b /¢ fpao  whi are co b\ Bire 1pect \sdo\i..i.

w\ 41
OLQ An ordeced set :..\ <) /s colled olirected
when for evers, i he I, thee exicts h €T
svech that hH 2 ! and &WQ M.%\E.cr\ea&k
: . . \
a dicected reof ir an ocdered Lot in whieh
| every fnite subsret isr upper bevnded.

net +he _th%D%\:.a
Rm\.\ IN wiHh standord ocder \ ocddering T expecied,

C2 \Z\. w IR ND.\ sy Qs\m \m.\..\ m\.\ G= Ds. = 0.. (M"\\N\...\\u
@ QN \l\ / Fhe kﬁ.\. o\ ?\\ .\\.\:%q stu.\«\w o\ l\ o\.&o\n& Via .hDa Nc.\;.:

[E7) T 10 4 sot of nbhte of o pt. X in tpoloyiad spaa X
with Ha ocder felohin Us V& Vel

Q&W A mrp P: T — T between diceched rety ir cdled a
coFined morphiom it presecver aqo??.)@s (Pl4)zp(4) if 124)
and  for eviry, €1 Ahee exicts J € T jueh dhak P(4) 2 i.




O&x& > NeT n o +o.uo_o$..:% spacs X i o
mop f:T — X where I is oireeted,

@ a JSegwenc ir o ne f
@ a:IN"—> X covld dendte ayr &: R Hhi i
M ‘nen of Ahe Ferm «xs\e\ L nz=2 meeso, I thinh

o7
nets !.wk netwedly i e theory of tategretion,

pr—

/Oh\ma\ hl,Nru \.fumoﬁodm?b .Qpcn\ %nHIIvNP_)Sp

and X o point in X . We fay:

A_.V e net f Q)c.\uus o x if for any nbhd T e me\
Anere exirts indax 1 €T sveh tht f(y)eU V4210,

A.N.v X is o lim} poiat of Ahe net £ f Ke any hbhd

Ve Tx) oand ony 3 € T Ahere exirty &WN s.t. ..h\¢.\m U

\_
A (avergicyg af murt aavecy o a hmd pf, bt a bm't pt. in't necesrass,
o pomt Po whith fhe net waverges., 4

Kw\cs\.} .60 : Let £f: T—> X be a net. 7Atn Xe X /s a \h:\.\\u\.
90\ .\, s.k s\“.n\a exirty a no\ﬂw..r\ \Se\\\:..\} P:T— T Sueh \\“/P\\. *\{.

net foP: T — X% aavey H X,




m.om&.u_.as c.61: Pn._. A be svbiet of ..Tmo—ou..ok fpacw X, TM\ any 6
ma.:)* xe X, TFAE:
A_.v thece s o net ia A Ahedt o.\.c..\unx + X,
(2) dthece & o net in A wih limit point X
(3.) the poiat X belongs ina He clorure of A

ﬁ\ﬁ,ﬁ %...MNN A ‘\d% o\q%\.g& Jpaut X s ?\3\90\. s.\ every net Aar a \.3\\\?.3«\

@ A .\d\oo\..%\.«t\ veehe moaa Vv a vedhir fpau w

a szsskﬁ\\ Popelaoyy where A vectr addFion and
hn?x?\ 3(\\% b.ay.}w: ave n;&.\.ces\. \Xs\:\ﬂ.. °n p. /23 =2/2¢
m}.o#«\&\ 9\%5\32(« via )«*u &u prove E EIE
Swbspau of o .r%iwp..e?m veehr fpau v clared

N@SP\?" \;n ?¢o(n nXPgwﬁ» \S—su; 7?(» ?Iu:ﬁoLJ.e) .T
My \Tomofovne?p .vao..vf..s 'n fvper maniFolds. ..




