ﬁmh.ﬂtxm aad : HomoTo~lPY mar%t\ _0\ 3:2.1.& 0

We +end $o rell }vﬁo\oc\v o 5?.*2\5&?\ Avdiencer wedh  homo \e\»\
In NP\.}.E?\\ & homoe fopy ir Qs,o\,\v a tormed method of \.3\\2:«\.\&.“

cree  shape %\«x\\v ints ancther. It har B do with Ae ofeformetron

Q% ons h>4= m?.:» o &.)c*\ ard  anether :..ru a n.kn .3(%\. M\\\
follow Moneti g0 i+ will bt o frw minvte, vahl we gef fo fe detinctia..

@QNB, spac IS \:..M\v connected if every poiat har focol mn&w
of

Connie Qru\ za\.bb bour hoodys ]

Conne cted ?\s\uo\_?.xw of \o?&\N Conneched spau oce open, Lo erit
Conneched spatta May fa.l o be \:&N\ ceaneded ’ -

@ N < ~NN~ %c\‘.aa\ %‘ UAactoen S\ 9\\ \s.\_.a\ DX“?% .Y be £
ot boMa mero forms o poth taneched bot Al loc Uy
m&) wane Atd spact . h.mx ol i Monaetti , P ;wv

N.\N Contnins & [ nes \Ia\nswr mo\ev
w it cotionad Slope, 4 denge
in ﬁNo. I‘m .T.?J Cerdoia,
7>4<c:4~ i -W%\Q):a&.&
=> X waneddd. /\m....\ doer
At heve leek botie of caneched nbhds




Det”/ Let X be a *c\uo\uu?k spa. Denk T, (2) = Z/ @
? &\Se*m«\«. .n.asz w. r.t. relohua ~ which is dehned

«4 X ~ 4% mt Ahere extste PKE in X from X Hh Y,
The egwi sdena classes of ~ oce fha Ganecfed Cmponents of X

?ﬁ\b ﬁmxx\in w_x"?.;lﬁxc%.%i\ieux\ xs%
.;\_\Y...ﬁl.o.vmrtl;lﬁ.?..ix*dé.?w.

Lety pavee fo reflet on detrile of ~ , Thi sete-up netrbrion - foture

woek  with v&.s\ nvft XAy @MN«N\X\.&“\Q\.

® Reflexive: fo ree X~x nohw I :lo) — X by I (t)=x Yieli]
i wafinveur mog Ahur IwNﬁN\ Xx) D I, &nd X~x ir clear,

)

o Symmemy: for evewy X 4 € X b whih X~y we Aave |

Y [0 — X with ) =x an/ &) =7, Net'y

T (#) = L (1-4) olehner Y: [0, ) —> X wahrrvews with

.1.7\\4.»% \:.r$ %= Xm& =«(t/ and ua\\@ or .\s\\:\»?\\\. X= *«Q .....X\Q.

\ » =

Thee Y m_V.NA;.»N\ 9,x) o Y~X. . r
Vr dio\ 1: €2 (X, x4) — S22 (X,49,X) is fha poth-reversod e...i..w

. ) |
\.«.i

W

R




« TRANSITIVTY: X~Y and Ya 2 =D X~ Z s drue by Yhe follows),
Def?/ product of pths %: L2 (X, x4)xS2(X92) = Q(Z,x3)
denocted by Cx.@ —> Xxm. Er:w we defne “

Y
h&*@vﬁﬁv ",MwoAﬁN.m\ if osAs Y, \0\/@
z

B(2k-1 ¢ Yasp 2 X

©),
”

Remack s gven palh @ [ab]—> 2 we can repusmetiive o e (£ xy)
- %Y
where X =o((0) and Y = & (b) vw o«?\ = X:_I.CS...&.V\ for O<hs|

&%\S..Lgk elosres *\ A Qe \u\e\& Quﬁ\&\.?&«.\ Q\ X \&.QAQ

ir called [oclly pafh annecks if awy pont hee lsck bayp
e\. %s\» 9\5«6\«\ 3«@>voc<>:\s. For C&S..\P 8 (x *\ o< tep
%.ea leef \?\» wanected boriy £, R ’ T

PRroposiriens : Hc\au.x X ir \:t\\% path  Ganected. 7Aen
\\NIP \D\\“. 93\V539\.\$..\ 0.\ X Coin ¢/ A E\\N, \\»k
Ganected cmpenedtr of X

Next we dir cut Ao 5 transpes ¢ pothr via s mép \.N.lvmv
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fot

B v O
,:\Tv&
??n/\/m\%

. (T, Sv?e = [f(x]
[x] Tm._.H.mv [£0)]

.:\o s o E from the QL.&&._\.M\ of .??.b@??%%&&

\Tu \$>p ﬁ?*ﬂoabv\ o* h«*..... I+ sn\.\\ \.\m\a\&\w o \.\s\r\\.\\

and inkeefues with  wmpotitrin th fhe rence Jf

%u N,.IIV.N and @.. &lm e GAfinueds s:\mo\..NuI.vN

Mo T, (9eF) = T (2) e TL(£). A.s.s&.. —_—

diy vtoa 1n $70. ¥



(B2 K, = {xe®R"[ Int=n, [x-Af= | &
(onsider N = R™- w.m:wns...\ vﬁ w. Whena 0N 5> 0 we

(en cee X =€\ heg T+ coanected o_.s%e.ﬁo?..uu

SN C
P s7XN\ \\\ \ X.O - XNO

g — / ’
\\ =\ . - \'r 0
7~ m\‘\v \\
17 < i 1aclvsion Mmap
7

VAV 4 is injechue ¢

\ .
/..Jn\\\, \\ \ \\ \nduceg omb o 0*:3
. . G s ua-oAx..L e ds\\\u.c\

etr..

S Y~ tennected
tacrisa | : X - \N:I — N!xa Component?
t aduces ?.g.:}.t. of SNAN..R:L
and T, (E-K,) = cacdiaslity of T (X-y

it ?.ue?o?e& invaiinwt of X Na.« 9«93&. [0.6)




Remety : we can rex R='S oand R-T £ finite setr & €T @
ove N &.\s«:x.\\\:w i IS # IT/. @ e oAreer
ot problem on ons Fial Exom fe \\M&l S whee S = \\M .-, &.\
Sine Xt/ /s .\vmo\\N\.%\ davaciand of MO o S i fllewy
1hA \NN} T \?3233\&\\ 4 \N! M\ mest alpe have Jt/
Connected wmp- for Al ?3\.&* nxsn.s\\ui and %\,t* .h:\s if \M.\\\N:\
N wadoo [0. § rhews mr\\St\s\x of 7, NN- - K \ I }ho\ab:t\ \\:\»\3..1\

Slo.2  HomoeTory

r@n*w\ Twe he>+..§c..$s S)iuh .ﬁcs.ﬁ - Nl.& e Tegewm..n j
of 3 wahauvcuy F: Xx ho ; —Y gcuch \:/f*

(1. ) ﬂﬁx o) = £,(x)

(2.) F(x,1) = § (x) .

.T:, every X€ X, fueh en F I ?r:.& & :2_‘:..?@7 ?.ERSN}NL
fe(x) = Fx &) .W

-




[E3) A covex cabret Y SR" has, for any tiputoginad pau X @
Mop 1 *.o\.\s... N.ilo% re3o+ﬁu..n viat
Fix+) = Clhyﬁo (x) + x.hkx\
wheee F: Xx[01]— Y ir a contihveuws Map.

(

(€7 £9:8—> R™-{of wheee [fi9-900]< [t fir ewh XE X
Then we con show £ anl §  hemebpic  via fa \..3..&3
Fgt)= (1-%)ft)+ +9)
= =4 (f-9()
Svppore Fly-2 (Fon-900) = 0 => fi = t[fx-969]

9y T0)-90x) connt = Ufoll =4 £ -9x I < Ifx) -9
\ ﬂn?e”.wmmf.ﬂ. \ﬂWAﬂ . A. .+ OmA.M ~
f(x) @.Cos :%«x\lwzt < \\.\.}\\\

>

—>




Kgx-\((xp. . tnxse\v\w \\e(x&a\ an NN\SL\G\«\;« ‘e \?\:3 oN QNN.\ .WK Q
Mo st of abrow Meps Fom }\.RR.«Kt»n X 4 A

Yau
Proof: Let £: & =Y be tonthvow, Hen F:Zx 71T —> vy
debned by F(x 4] = f) V(xt)e £XI shu, faf
et U \, s \..\3.}\.\’0 # \, dhyy \.o\s.*e\w e ﬁm.\\nxsvm. ,h.\\o\n\\\
£~y mv F:XxT—~> Y whe Flx,0) = ftx) § \.ﬂ.«k\\\ue\x\
Ahen G(x )= F(x, 1-% %\S.Q b:s.\{w for Qs . oA fymmetye
N,\Z&@\ if f~9 E F and 9~h @% G we Conrdrnct
hemebpy U he foaoh via H:Xxr — Y by
_ Fix,24) : oets
Hixt) = Wm?\mx-c : %osks|
[ES] The meop £: 57— 3° gven by fix) = -x i e ,3}.\..\»\3»\.
If n=23k-| then S"= {2z e CH | W2l = (] and Conregyuontl
F: 8%T—S" wha Fx, t) =exp(wit)x o..,\: F(x0) = x=Td(x)
and F(x))=ex = -X = fixi 4hw £~ Id,

Remock : e homebpy seem i [ES] is nuf posr'bl when 0 i eves,
\\?Sa\*\. menthvar i i, e?\o;\ \\N.a text on p- [ 7.




It £~F and 9,9 Ahen @e?ﬁ\(&,o%\

@p*y \b GwahHnvevs map uw,.. X —> M. \..\ G %cio}m“ N\w\tsm\n \.«Am
ok there exishh o Gahnvew muy 9Q: Y — X ruch \\AP*
*,o@)\u.o\w and w....m)\u.o\h . In 1hi, Ceae @i \.e% N.NM.
ant y}.e:). Xtvmm OR??\&)\*. _
.N.\. f: X — Y /r e \..\Sse;‘.e\\&\.\:.. AHhen *.o\..\n .u.n\N\( .Nl&w.
and »ﬁ-\o\ = H&N. ~ HLN 2. X aad .W. are  Aeme \c\u\.ﬁ. QN/A
Coavecre bils : X and ¥ Muy be heme e und et net homesmasphic,

@ Svppora X cR" und Y € R” are wavex svbrelt whee N #m
Mran £: € — Y o.(p) J %«X\uuo <XmN. £ forna 9, eY

and 9: Y =X § IV A bs AUY) =X, V9e T hr fie Xo € R
Then rww\.ds.ru Mo heme Avsa of @ nte fo 3~ N.QN and %e\\rN.o\N
Pove T oand Y e Aomo Bpic.

(gt, XER ¥ R"=7Y)




P H% 4+wo 933.\:\5.\ \SP\H *V @ . N g N are \_e\Se}\e\.ﬁ\ @
then T () = T, (9) : T, (&) — 7, (7). \Xg\m?\m\.\
T, \.\\ ir & Dbijechon ot F£: X —>Y7 ir a }oie}\w u\e:/.\o\ghm.

Boof : recdd T, (£): .M = M\M u:.oﬁﬂ was e e [(x] —> [£(x)]
MMM (7, (9)) [) = [9be] . But £~ giver  _  iH: ZXT =7
whee  Hlx,0) = fta 4 Hix1) =90 ad we acke H allow,
uw b bem o pedh Fram Fix) AW Vie & [¢)= H(x ). Thes
[fw)=[ow] = T () = T, (9), Net £  3Y:V—ox
Confiavowr and s?‘s.)u »0 ?..3...3.4 thverge for \.m fo¥ ~ Hmm and .K.%?HLN

| -. M () 0 (Y) = T (Hdy) = 14,

T, (1) B, (£ = T (Ldg) = g g

gl& A Spae X is contractibe if X is hemetopic to @ poin *M

TE ¥ hemodopic bo {P} Hhen 3 F: X = {pf aad 9:{Pf— X
for whih foQ o~ Idyy and 9ef~1dy . Netru Bef)to = 9(fiy=p
s Yof ir & Gartdt mep =D tonshdt mop homobyse 4y identrhy myp an X

(&x. 10.C# » p- 112 irhalf \.\.2\ h )
” ” Jv ere
@ All ?zixq?&w& of B are n...,\\.s&.; .bz.sd .,Qs.s.L. :.r.,:c&..sm.w

. P Controchtle => Poth cennected ]
D Allm\ lsté.)\\ .u..#r?salt & 9)*?8\.2.. «E M.Q\




o&Y} subspas Y€ X isr a retcact of X if there ir @
o cahnvous map r:X — ¥ poh ot riy) =9 Vel

[ 2= XX, whre Z.0Z, =4P) 4hen if

cbm {5 AeE et e Bt o 208,

0 has Y EX where Mu ir refract of X .

—
X

Om*va subspace %.m X s called o a\n‘\c\ba?\:\_ Cefract of X
o Ahere v a  wnhinvew mep R:Xx[o1] —>X called a

d e formehisn of X b 7 ruch LAt
el QV hﬂxsim M and XAX\C“X for P:XMN\

(2.) Rl t) =9 forevery yeY and t € /0]

st -rhuped with phe endee P

R:Ax[0]— A R(x,0) =P
g &

= = R(Y, )= Y+ I-2)P
R(x,2)=%x+ (I A .I?%V

=P <H% onl
M;x ?\N\V




bmmob.\\.g ..\.~QQAAV\R&.,.\,\.Q*\%*NMN\s»\u\\\éx okN 6
and Afha  telvriin } 2 Y<—> R /ra \?\s..\c\.q € gpuiVoden cc
4113%* : h(}oob R: Xxlo)— X %.«Q e deformeton o X 4 .N'

dhin r: £— Y dotind by R(xo) = ilClx)), and
befoem  Lovr gnd Nrn\hl , Note o2 ”.Nlm&

R serves & Aomoe }ww
Phas 7 and T oare ?ie?@. 0\&?&.3»8.
) Ri(x 0)eY ans Rlxi) =X Vxe X NMN |
Vet (2) fs\t =y VYyeY,K t €I, dedoem Hia,
\ . retcact of X
e {0) via

(Elo) S" is deformation retruct of I R .
Frn dehemeton R: (R™-4of) XTI RT-fof given by,
Rix,t)=t¢x +(-t)5xT

R(x,0) ==& ¢€ S heollxz o

R(x,1) Vx # 0

X
R(9,4)= ¢9+ (1-¢) jgr

for Loxed 9 1hrr \hﬂs\Sn\w.‘m.«\
\\.\K..HQN\R?&. \o&\& v om
9

\l\‘.w.%

o/
(t=0) (t=1)




%?3»\?.. SnP&...anu ,MNO..* 15 a voon‘ M%NP. m.a(wwoam

le

On.?\:ngr.?o: of \_1\..93@?, +o tuo
of (ts 2«:\\ Manctly %\«:m\p\ I2¢

o 93% Nnon l&ﬁ\ﬂ&m\?ﬂp .?\.x\mnk Nm.\\wa

b\N\\c\\s\ b M Q\ (s faces

fr ey Ism =0,

"

.r...@ %&a qonr N\y&e ScAo/ edac

PATU Homo ToRrY ($I-1)

(Vet7 Two poths <, 0 € SL(X ab) are

ﬂ@(; hoewmo .TN_.A m._.‘ \—\ern\m existr a oA hnvew \Siu
md...|.|_|, x T — X such Ao
(] F (t,0) =(t), F(t1)=gR*)
(2.) Flo,s)=20 F(,s)=b Vsel

and  fath o Mmep ar F s Qr:?&s
oath heme topy between « and ﬂ
-

» We weike o .,\mV when am are pofh hemetpic
——

%L\Q m\$\<§.~§k \n\.&..s aS m«k.\«

\_\vrho@ ...\

a

4

Y (¢) = Fle,s)

¥ (0) = Flo,5) =a
Y(=Flg)=b



@ H.\\u\&h X s \\\Na i/ lenvex and R\\ e (2 NN\ a, \v\ @
then F (t,s) = hNQ\ +(1-5)et () showr o ~ % ,
F(t o) =) F 5) = spt) +(I-5)%() =sa +(1-g 4 = a
F(t, 1) = @g(4) FlLs) = spu) * b-s)xt) = sb + (-1)6 = b
b?\\\. homo .?@ s o IitHe ??.a% in (mvex Spad

?\\y\.m.\\mv\;\pbm\g and ivedgiin of paths ommete wfh poth m\&:m&\waﬁ.
(1) For e 2 (8, u 4] wnd f07e R(E,8c) iF
QA\(\B\\ 93& %)\m\ \;G\- Dﬁ*%\(bﬂ\*%\

(2) For o, a'e (X, ab) and a~o’ we find i(x)~ ((o”/
L _yn Veie, or 1€ <m\.\P\

K«\S\S\\f\\‘»" Let £: T —> X be a pafq ro\ \?\S.
and ﬂ I -7 any cnfin vow \Sq\ L.t. &\Q = Q\ &\\\ =/

Prook = F (£ s) = X(sd()+(-5)t) has Flto)=a(4)
F(t,1) = «(4(x)
F(o,5) = B L = «(o)
F(1,s) = «(se0)x1-5)) =l1)



—

Proposirion I1.Y i X % (3 % r) ~ (o s e) %y

b any e L2(%,0,t), 6 SLI(Z, be) and Ye2(&Xcd)
thus  fhe hemedopy clogs XX B T i well- depred.

) 2t osis<
PRooF : Qx*&xx\?\um&imx\\fA:»i where @ (1) = el w W
OB ELES
[ PRoposyriony 11.6 : For any x»\x oce $2 NN\n\ m\ J .»lm.h .Nrm»m_

(1.) 1% X~ el ~«
(2.) X ¥ Nmoﬁ ~ H?
rccTaR 1o and 1y are onshnt pathr a §0 ﬁSKo}.\n\M,

mONe\\m&‘ \\% : Lef o : I —X be n.\»h.\u and \w\ ..\N. m.\&\.\
a .w:\a: ret of \:.n.*\. h'.ﬁr\ £=0, far =/ and kettn p
o; be sfundard p o/ ame f1i petrin of rertrichon of o b LE, P .\

(thet i o (k) = o ((1~#)P+ AP0 ) ) fhen oA~ nogx—xdf

\\\lm\ﬁ‘\\.w clef F:X—> Y be a confinvon Moporas
(1) « (€ SUE,ab), if d~@ thon foa~fof
(2) ¢ (X, a,1) ond @ € LK be). Then £ (xxp)= o) ¥(Fof)

| and i(fox)= fifx)).




THEe FunpamenTAL Gravr \%.\\.N\

®
@M\\Y mﬂg a paa X and a poot a€X we defirs the Hvndamentet

WG:% or ficet \se\ze.}% of X wih bae \.:n. a as

S (5as) - {0 | < 2Ean] = (g,

N\

where

()= {a' |t~ ot foc puma x'€Q(X,44)[
We mrh lmNAN\D\P\ e set of ?c_uk based ot & Tha

yﬁo(w h(—\ﬁs.ﬁ._v.)\,m Q\.ﬁ bﬁN\D\x\ m.ﬂ QPJ&A& 04 f.uc»l..@q.:u...\.o:\

[«1[8] = [«*g)]
/ﬁb«p:_n ~.‘~~0Q.N

@ Lot X m.\\Nz be ccnvex Swbspau  Shey Hr hny aeX
we find T (X,a] = O.

Qm\a:\«\ for ?% Rmb.mwr\&\ur\

we howe ﬂ% T.ez\?—.“ ﬂIA.@\ Hv.ll.h.P +Ql..w\0«§.\
F(¢t,0) = (%)
F(t,1) = a= 1,(1)
X = — o=
F(o,s) =Sa+(-5)«e)=Sa+(-5)a = a
a

F (1,5 =sa+(-skt)=sa+(-sr)a =a,



KQ\;E\\.\&.. Tobe 7 E \ﬂN\N.\»\a\ an o b\«l\wf).n
Y. T, (X,a) — T (X,06)

[i(v)*xx7] . Then Y v a growp hememogphin,

by Ty [«] =
o y
sy xhgru %
> . fondam ershd
o 1.\\ b oqoé IN § 9:<
. two v+u th
5?&5%3 = h:\:f&xﬂgﬁli*m*w@ a path
= [0 e x x@W*il0)) ¥ grr] Gemp enent
1, will meteh,
= (1(7) ¥« *¢x 7] Tw, if X
= Y [«% - path
i m\ i (1Y) =7 ?\S«&.& hen,
G 0),)(Yale]) = [ve - W Lad¥ 1()] E\ Z) -
- ﬁ;\k ‘ N.S‘\*o«‘x X KM\»\\& 'S :c\sc%r:}
NEALLED ot
= (, fov R
NQN.N mw\# NN 3\\\&” : %3% W&M _u?)*




clV A spaw s g Ganecked o it is poth connectel 6
ond  hos  deivid  Fndamenhd grop (T (2) = 0)

@P&. X < R be wavex Ahea T (Xa)=0 Vaex
thu T (%)= 0 (X 05 pelh canedy/ (M (R")= o]

@fx ne zz and a,:lor]— S’ be  pofh
oy (#) = exp (Amiat) = cor (AAnf) # £5in (2002] . Then
we can  prive Z s T (S, 1) gien \dﬂ\m,\n NN
TM\ L\?» = mvﬂs.“— ir o 9foup ?°§°3°~_ﬁ>..\3\
;\&\ loker Manedd; prve it4 an  iro merphirm,
B (5] = mbg Loy = A Ky ™ X ¥ X,

o / -n
NV\QNOH\.\.\.GS \\.\N.. Qﬂ(m *\\.\9\3&‘%\\ %\\.“b ok & \\Q&e{«\- ﬁ* *‘ts %\g
IS 0o moe \\\:N P fhe produwd of- +he Hnd. Grops,

m(Xx7Y, (a,0)) = T, (X, a) x T, (¥, 6/

El6) W (Sx5)= W (S/xT(S]=2x 2.

o




