T RRRRRRRRRRB8 ., i . S e e———" S
. —

TororLoGy. Livits. CoNTi

NUITY |

s: MISSION 4

TOPICS IN ANALYSI

Fhe text for this conrse is Mathematical Analysis T second edition by Beatriz Laferriere. Gerardo
Laterniere and Nguven Man Nam. The exercises below are from this text. This homework covers the
matenial discussed in Lectures 14, 15, 16, 17 and 18, It is dne 10-26-20.

/Problem 61: Exercise 2.6.3 (compact)
“Problem 62: Excrcise 2.6.5 (limit pomnts and isolated points, practice on terms)
/Problem 63: Excrcise 2.6.6 (relative topology )
sProblem 64: Exercise 3.1.1 part ¢
#roblem 65: Exercise 3.1.1 part ¢
/Problem 66: Exercise 3.1.2 part b
v/ Problem 67: Exercise 3.1.3
v Problem 68: Excrcise 3.2.1 part a
v Problem 69: Excrcise 3.2.3 part b
J Problem 70: Exercise 3.2.5
/Problem 71: Excrcise 3.2.7
v Problem 72: Excrcise 3.3.1 part a

k4
V Problem 73: Excrcise 331 part b (e0ps, T did F0x) =X =2
Mo prublin woJ .
esgier | fix)=x-3
tan oujte my
/l’ruhlom 76: Exercise 3.3.11 (extension from rationals) Js.o.c"'\art JIJM!(&A
v Problem 77: Exercise 3.1.1 efe. . )

v Problem 74: Excrcise 3.3.2 parts b, ¢ and d.

/Prohltem 75: Exercise 3.3.3

\/l’rnhlt-m T8: Exercise 3.4.2
\/Pruhll-lu 79: Fxercise 3.4.4

/ Problem 8BO: Fxercise 3.4.5




Sovvnion 1y lisnen o

IE/LEX 2.6.3 (wmpect): Prove if A and & are covact subved ot K Hen AL EC‘/’P‘-Cf'

7-)]@ QCI p/owJQg Campactl‘ Iu&;cf.r 0‘[1.2 o€ /.-h’ecuej %(J(M
V’lll'tj\ are  closed and bomcLi.c[, y & | A,QSIYR sy (_.,“p._cff then

p\, B ore closed A AU B & cloged, (re el fade uaiia of clased
50&1 s C,LDS-QAJ ) i Fuer\_urt A’ (3 b.*m.Lu.' f""‘f’llu 3 '“ﬂ/ l“a > 0
Suih Mox x| € Ma YXxeA ond Ix|= Mg VXxeB. Lot Momax(iyiy)

Aunm it xe AuB Ahen XeRA or XE€ B. If xeA Hhen

x| = Mo M and & x€C 4hu x| <M =M. Tha M bonde:

AUV B and we ue fhewn AV B 15 budk Cleged and bewin duid hen

\"VI /n\“"" 2.6.5 We ‘Fﬁnd P\UB S comPo.(,—l-.

’(jv”"“‘-’f from Ded = of Ic?umh'«} Com/)«c‘/‘hu:{

RC 0/‘\5 alc'/u{' o
- d,g};wll— hava, 11 Wmpasiian 4o ﬁfjv"h&v'f o\,&w4j

Seumy V"'/j

[P63] £x 2.c.5] Find ol lomt poivts wod iselctid poats
1((m-¢.rv~54/ Iim& ‘3‘*. ot D hoas in‘ﬁ'f\i'i-c[p mMany p‘f':! (A any open b(J,/

o onnd  tha P-f; whitreas on ol F"l fcfmn.‘h! o bell of sonu
foding for wlich Ha iseleted ph. ir At enly gt in D in the badl,

(a.) A = (01‘) «— every p‘\. in AU il po:—d'/ A ha ne (solGd P‘b

(b.) 3 = [O,l) el Qutn.l pk'. in B i limik P""’\‘}, G hw wne {jolcitu P’l?

(C-) C = Q € every pk. in C s WSNR P°~.'~'\, C hy we LSulu«GJ P&!’.

([,.1 df.nu'}-._, pf (a.f)'onul_r)

4y p = (mH/nlm‘nen\jz S et >
. 2 3

_ ) _: .
X = limit pents of 0 = IN=- {/j INTR / }
iIa/tm p’ff 0‘)(0 =0D-X (..Lf ncn—:;nLeJxr P"""{J}



IPG.?} Ex. . .d.6¢
Let D = [o0,20). (lassihy refs
m 0. A’ecdf; S< D is open

below o5 open, clued or neiflan goen or Chlec/
1'1;/ 3 open .5'61(' Us ”’? -l'-f. S”ﬂf)?/

v

L =1

o®
(b) 8 =N hes D-B=[U (iyi“)}U[U,t)

.J(;’,i“)n[o,aa) u[(-l,ljn[a,oe}]

AL

e e
open in D opgen in D
/}/kuw p-8 dPlﬂ (n D = B clered i D
(O..) A = (011)
wow e D VYAIEW wnd Ko —>0E D

Notiaw
e A YaeW gt Xa 70 ¢ A

T, 0 T Obsevve  Xa
'/“/w\.; A S not cloged 0 D b“&h,c,“, A.6.10
la g codm oF
0-A = (1,0
T pen n 0 AU e @ st. UnD=[1,%)
fo prove this aSSerhon,  suppesr towsady —> € 3 U open
.6, UnD = [1,9) A [1,2) €V but ﬁ €>0

4. BUj;e s [uy s B €)= (\-§ 1€) & [1,2),
Nau-& (0«.},,{4\;] Iy

"'(—”\m mi{,lut be an ewfier woy H
Just whoX ocewed o MR NoAs .. @ ) —

is peifn @ea N closed in D,

and Lt € >0 M 6’(?/ E) =(%-€ %+€)
Con fBrins (?/ g+rc) and by dm.rﬁ"y of (trahoad &7

Jxe (3,446) wha x¢ @ = 8(%¢€) ¢ QD

/l\'\trv.{'\)rtl @Gn 0 s not open,
D- @ v olse ot gen htna C nof caed.

kc.) c = Qabd
Let 4 € @00

A similor arﬁwnw-’\’ Shows
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ll’é‘/ Exercie 3. llpu-lc/ j A8 (X*l-l): A prove via 0(/’7

L X |
[t €50 and suppese & =min (E1). Tf X€ Rand
O<ix—-1[<8=<] = —1<x-l<] = < X+[<7T
[x#1] = X+ =1 (an.ﬂa(_m/ for a<[x—t/<c5;

%t&.‘

Xt 7
X+

I X+ | !

xX+3 - Q(xu)}_ [l -l _ & = ¢
X +)

/D’\C(LAIQI "‘*( / o 6(7 ﬂflf ; lo 7’-/

Pes) ex. 3.11ef A~ (x7) = 8 ]

-

Let €20 and Suppose 8 =min( g 1), Suppors 0<Ix-a[< § =]
dhen -l1<x-3<] = lex<3 > XI<3 Considec

l

lx’— 8[ .—.l(x-—a](xz+ AX +‘4)l
< [x=3) (ixi* + x| +Y)
< §(9+a0)+Y) = 198 = () =€,

- £x 3.1.ab/ Show K{-‘;‘; (CO.I {Rl)) does nof em’d;/

*,—""—-)O s nn—> oo

Olserve Xa = arm

\yf s ( 3{:) = wJS {:_Lr;' = tog 7] = (;Un oy net wavegL,
/ﬂw-s iden{"/qff‘a ;(‘:O wril -P(x}: cos(',f/ ‘&)f for. 3./_‘{

we ﬂn‘ 1;,—\ ( CoJ ;I—} C]OCI ’l“f QKJ’J+,

X 20
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[P67) & 3.1.3 ]

Let f: D —» (R and X a /t}m'f'/;a,;,f of D Peave Mot
4 Ly £ <A b fis ol <10, Al

X—» X

cuu.\/erexam/oé 4o (onvese of e clamn,

Iofoa/.' J'up,ao.u /”"._ f(x) =1_ Lot €50 and cheoore > 0
XX

such At o< [x-X%]< 8 implies /£ (x/ -A/< €. Hoveve-

Ak |[F09f - (RIS [fea-2] by Corolasy 144 on ff- 33
/‘\tnu.

c<ix-X]<4 = /lf(le-/!//<5 and e Coacluefy
by Pt b it A [f] = 1AL,

XX

. N __>L —_— I’:A ._Iil. 7—11;\4\ ! :I
g‘i‘fﬁi‘iﬁi’l’ﬁé . XIL"QO /:xr/ - x'{.o (x| X 4
" . X)L X/ =
bt i () ne 1on K3 UE) A B =
- X _ ,w _,75_ = _1 74 1
WMM X/F_:::_ (le) - )/5»-90" (-—K}

PES) €x 3.9.1 part a

B (3x‘-ax+5) _. A (3x%-2x+5)

A
x—> A x—3 A (%3]
_ 3 ds () =245 (9 A (s)
do (00 = A ()
- 3(4) -2(3) +5
Q-3

—;!-l:’— R_.wmarlﬂ‘- Yo Ll i Wfd%c
= |-13 G \°+ \'CJ"{ her‘e'

[l




P69) € 2.2.3 pat b

b (Xn'"- !) = A ((x-l) (X" x™ % et x4 )
X=>| X" =1 (

X (x=1) (x4 x""+—---+x+/]
= D [ XTT X et X
XL N XM X" ek x4
_ A1+ -t ) 4+ € M-Fummandy
[ +] + """‘/4—/ & N —roemmanidy
= [
N

emerh - j’//y:/—»& Rule nia Aizu bu'/' we dan't Aave /Z,,Jf
7o wodr h

W"}/t\ hw "fdwew/ m/f’.fto(,a vV OOA-ILf)qL
f/‘ﬂylf N ,F:M

() E s (5 = 7

c, n A
[J‘j X~y X

U.f(:

S—

n -,

/‘7?‘2 EX .7.9._L/:&,{ f:ﬁ———)/ﬁ and [fet X be a /t}aﬂln‘. of D
Soppore [f1x) ~f(0) | = leix-9] Vx9e D-{X} wheu k=0
is o Consht., Prve f_t_n:i -F(X) exirls,

M. b7 (auclr\.yff C//?'trr'on.(ﬂ)"h.?, 9.9)
Suppose [ £1x)—Fi10)] € 4 [x-9)

Aot £>0

V’S?GD"//\-’—j Wwhee —420‘

if o=0 then chooe §=1 and vt [£ix)-1fy)]=0 < ¢
Ufhanwice chosse & =

£ o k>0,

=T Sppore xy9e D-{x)
and © < ]x~)?l<8 and o</'ﬂ—5<'l<cf. CﬂnJ,’é[lA/

| ) —Fo)| = f|x-9]

= f [X-X+X -9
< k(Ix -X| + 19 -x])
< ahf = 2k ;‘% = €.
ﬂwj ;5:;«_ (-F (x)) Cx«;-h 52 (uuchy’J Cr:‘?e//m ﬂ“

Y



b

P?Ii £x ,34',,?'_5.%,‘ Find each of Hha ‘){//Ml/}j limits (1'f Mrj exit )

(a.) Ao (XH) = 00 (does et exict ar red #)
X—> |t X -1
T lka o think ebet x=— 1" ar x = [+8 Hr vmld >0
~4hen X+l _ a+d _ 2 4] >0 Hur d == 0.
X~ S é
(6)) A X sin [ / =
) i )

—

~[<J'fn('£}5‘ H, XF O

- x| = Ix| sin(£) = 1x”  sina Ix|'> o Hr X#Fo

Ahns i (lx['?.r,}. {;Uj =0 67 -@rwwg( Ta™

X 2o

= i [ X7sin Kl =o.

X 2o

{C-) xj_-:‘ (X - [X]) W N {X] = S(C*ﬁe;jja,c‘/}\b {;if *Am

EI-#-SJ = | whereas [!—JJ':: o Fur 0< &< |/
4 Fllaws thet A (x-[x]) =1-1 = 0
x—» [t
whereeo j.}“ (x-[x]):l—-o =1
x 2~
.}LJ/tl«'/(, A (x - [K]) d.n.e. fiaa (s le o /rqu‘

X -3/ J1m, ts ,/,;A/e/_//

T e — . TR i

R O T e T D %—T




[P 73] €x 3.3.1 part a/ fhow Flx)=0ax+b foa €N i
L Con /Ir/f vous apn //? via %l. pé/g 2.2/

Lok : If a= O fhen f(xj:—b and f €> 0 HAen
Ix-x[<8 = [€fx)-F(x)|= [b-b[=0< & Fau £
Conhﬁuauf 0-7{‘ Xo 74}/ Wé!-/'fﬂ\/y Xo G'[/Z, I7[ Q?(O

then Suppore € >0 and  Chogge J = g/la{ . T
IX =X, ] €& Hhom Considun,

| £ x) — f(xo)l = |oX +b —(c\><°+b]}
= la(x-x)|
< la| & =lal 75 = €.

/n-\u.r £ g wnhnuows on M so Ko e “’bl“]'rmra./

Rwa.rk-' I reed +o FIV\J
[P73] & 3.3.4 poct b fo)=x"-3 o K my glatses ! TRy vy

X2
Nb fa ‘F(x) '_ ‘F(xo) — xg— xﬂz = (x-xo) (X z+ m"o‘#!
Ak

SUE={ Ahen IxT- XK + X3 S DX o[ IX 161 2 M %% M K] +%)2
ek [ 1F e heve |X[EM. Note, —S8<IX-X,[<8 f L= S

~l<e X=X, <| = Xo-| € X< |+X, < |+Ix,]

Lse —fx]#+1) € X < 1+Ix| = (X[ € [+1X] =M.
Let X €R. . .
et €30 and choose §=min (1, 3] whew K= (i) + (i)t

fht i K= (1406 ))( 14 A%t) F 1] E = M MK 4+ 16 aan M=1+x,).
P\m,wuull o IX=X, | <8< ] M =l X=X, | = [X[< |+ [X| =M
Suppore IX =X, | <8 and considan, £ £ix) =X=3
£ - f(x)]| = |><’—Xf[ = [ X=X,] [X*+X X, + X |
< 8(IxI* + XK + 1x)?)

€
< § (MP4m|+1X|*) = 1=
Ty -F(x)f'—)(?—j’ W Ha vouy on \R. ( l) -

K = €.

A T R RN S ST Rmp——




lp?‘f; Ex 3.3.Qpa/ﬁ AIC ?‘q’
—WM’\& &«LF X € ig af which each —fhm‘ I conaNnvoeny

Jea X
%5, x#o

(b) fo) = // x

| X =0

. . _ ~ Sinx | _ _
Lo /,;,( =1 e A [ 25 <= 1= g

X =20
x—ax [/f”‘x/) - fMK = &) e K FO

—F (s con hhvews  an R.
~—~

(c) i (L] xFo
Poc]= {x.r [}

o if x=o0

- = sin(x) =
prep— mn()(/ < x &/

= X Jia (£) 2 x (%X)

oo x—>0" by Syeego 737 on (%)
Jpougt TR on  (X4)

H x>0
TF x<o then -—-Xx

fws X s (£ — o0
and X gin [#) =0 00 x—20'7 b

J/ﬁwu /!IM Xf/h/j\{})——'-"o:—f(o} and )
e X#Fo  we tid £ et oon fR

x.j—:;—;( ()(!tn (YJJ ")( Sn {—.{//"qw(-‘/a)

4
d) e -= { w () pas | ":'x""ﬁ\/;:i\x—ﬂ

1% —1| x> it —

I+ U clesr £ 15 watiaveu ot o et U(Ccpf t | Coasiderin
X= 1 webe i (o) = Aom (00 =0 = b (o) 5 J.Mfw )

x>t ) s i
;\1:._'_({“)) = KL_.;_‘_ Ix-1] =& +# o KX;_” s 1)_/‘2

Ht,dt/((/




T —

e el s il T R T el Y B s L 4 o :
T = — = AARRGTIN G Bl o B 3 R R O A SR S SO e B T A0S W L - s

P?(/ A /)}1:/6(/

o (%) iF XIS

(4d.) we've shown f(x}:/
(x-1f if x| Z |

lf Ceaflavoas on (—M/“/)U(*I, 29 ) :'//?"/_//,

Remork o« when we J/w —/'vg,eﬂwt coninvens Fun chins
with  (efewise det® then +Ha Jﬂdc -J‘-’AO‘AW\J, e
ed a00 o e C02ld, it whean we mwit o chech o
' dis con piav f,ly_

- S /

P2S) €& 333 f£: R —R b Aa Fmchua given 6}
‘FLK): ))Xz-l-d, A+ x>2
ox—1 if x <4
FIThJ Ua..[u cf}' o ‘F,( which ‘F (s CU"'ﬁhUd“j

]

For X# 2 we have fim_ fx) = £(x). }'/auuwer

X=X

ot X =2  we sheold Sudy leff s right tw.ﬁh/

i (fw) = A (x*+a) = 4+a

xX— a X>q
— Jian — - 20 -
f_a - ($03) ){3‘_’3 (ax l ) a-|

We raed X —> 2 ond x — 3t b nutch A
s dowble —grdded Vomd o exist, Hena silve

YU+ada = Ao -] T—%‘&:S-}



(P%,/ Ex 2.3//

/ Suppose ’Fﬁ oe Confinvaous 7[‘/"“"‘:"1 g4 //? and 7[()‘/:94‘(/ VXG@

Pove f1)=39K) ¥xXelR,

Jod xX€ R~ @ Hom Lt x € (I Yne N and

Suppese X, —> X ag n—> 00, “Thin 53 Continw /by

of £,9 we hae S (fxa)) = Fix) and b (900)) = 909

e -

Theeechry,  Dim (F00) =90%)) = Lo (F=0)00)) = f0)-505) =

n o0 NN oo
L{C'{' ‘p(xn} 58[Xn} (1] P%€//Va..a X, € @ /fﬁu_/
aC(X,,j -9 (X)) = 0 . S (¢) =0 = £ix) -9(x) -

h—>=v

Ths F&)=90) VXEIR- Q@ ond fu Fix)=960 Yxeil
wo Fx)=90 VYxe & ww ‘9::/01 frim A oAref .

Qem;rk : I J"'\GUJJ Pf'l)b&-htg’ Prove 3 {xﬂ] C @ :'—f_ XA —> X
as wbove., “This fam FHollows From +ho den.rr?y reco g For b
@ and 0 - Q. Pccn.,u, betfween X9 € @ 3dJre @ with X<r<9.
k:kcw:'u, for any X9 e @/ Js e R- @ ‘*‘J‘L X<8<y9,

(1) fx xe R- Q@)L X, be th decimd exponsion of X 4rvnctd
wbher Ao et decimdd plec, (9-3- MT=x = )?-: 3. or €% = fr-;’.?)
fhen x € (X=-01, X+0.1) hina selet X, € (5-0.1,K+0.1)
with X, € @ and [X -X[ < 0.3,

(3) Let Xa be decimd expaniion of X Aruacalid t fue plaue (x=m, X =219)

fran X, € @ and X € (Xy-001, Xy+001) with [X; -X[<o0.03

(ontinve ia Ahis Aashion 4o (onstrnct /X..]C Q wih [X% -X< A(l0° '7— 7o

14 Allews Xa— X a0 n—3c0.
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m Ex 3.9./

g
i Let £:D—>/KR be wafnvews o C € D and let Y € /L.
|
|

Seppose  £Cc) > 7. Fove that thee exisfy §>0 ek dhet
Fixy>7 fr ey xe Blc;8)nD

Pf\w# z
Suppose £:D—> R ic Gahnveus ot C € D and roppee 41)>77

Thesmn €= £c)-F >0 hena FI>0 such Shot XxXe D
Wit x—c|< 8§ implies [fe)-fCa|< £C)=F . Thm
nefe - (fra-7) < fx) =) <« £Ce) -7 henca

Yo ey £(x) — £Cc) and we Dad ¥ < £ix), Therehee
Fux)>7 b evey X€ B(c;&8)n D.

[P}g; Ex 3. chef 9 be Conti7uons #ﬁtff? on [a A fuppau
F‘Ffa)‘f%(a) and f(6)> 9 (6). Pove JX,€(ab) s.t. F(X)=38(%)

Yxe [a, b] and nefe h is

10(- h[)\) = F(x) - 9 (x)
[a, b]. Nebu F(a)<9l(e) = fle)-9() <0

(on hnuaw on

£l)> 9(8) = F£(b)-2908)>0 +ww hea)<o and

and
h (b) > 0. /ﬂ\.n.ch-nre/ b«a Bolzandd ’n\'h"l 3 x, € («, 6)
Such Hed h(x) = 0. Thos, flxs) -3d(%)=0 = -/‘{x.j:g(xd)’//

TR AT T W T O g Wk i o




e,

{P'?q; Ex 3‘{‘{-‘ ﬂov( XZ—- 2 = COJ'(X'!'/) Aaf Q_?{' /(ﬂujf
L‘)Luuo I'Coj .fc/ufrm.._r, WC’/( ‘jl\-/a\ Ca‘fl;\g Ir Cuah}ldauj

It ‘IC(X) = x?-_.&-c,o! (x+1) +en ./' F cenfiavdir en /? !
Moreover, calcuw bty Ahek :
@ fFe-m) = G—TT)Z—a—co; (1~ +1)

= I+ AW +TW = 3 + |
= W(T+3) >0

@ ‘F(-I) = (—l)z- q — Cos (-I-H)
=1 -3
= -2 <0

@ f£(m-1) = (m-1)°- A—cas (T=1+])
= mi-am+[-2 + |

= TT{}T..Q)>O

80/2‘!"10{{ ﬂm vn [—I-Tl', -—/J - 3-)('@' (—/-77'/../)
Sack et £(x,) = o

86(21:.'14_’{ ﬂe on [”/ TT"]] = 44X, € [_,ll 'n".../)
Such fhet F(x:) = 0O

/D\UJ d x'/ X2 G”’Z 5t xz_ 2 = COI(X"LI}.//

Psc| Ex. 3.95: Jet f: [a, 6] — [a,[,_] be Gahhvow ,1,,0;/
(a.) prove f(x) = X Auy  %l® on [a, 5]
(6.) Soppise  FurHton FhA
\ [fo) - £09)] < Ix—4| V x,9elab), X*9

Prove Hha ey® £ =X has vniget 5al® on [QIB_]

o/



pg@ (onrved :

(a.) f:[ab]— [ab] & Gadroas Hok
ﬂu/h £ asx<b we Ahave -f'(x) € [a, 5_]
Ahet s a s —F(x} < b . Convsidn 9()(/ =X and

obrerve 9(“)2 o = ‘F[a) and 9/5} = b 2 'F/é/
77\er¢£/¢/ un'ng € 2.9.2 (P76) we Aid dx, e (a,6)

for which  fix,) = 9(K) =D f(x)=x,.
(b)) seppose | £ -fea|<(x-9] VX9 e lat) X#9.

Seppors 3 X, € [a,b) £t. f(x)=xX and X FA,
whoe F(x) =X, Thou
| £(x) = Fx)] < X = X]
= X, =Xo| € 1%, =X| which & impasnsibl.
Taws A X, # X dor chich £0x) =X,
Thae se® b Fx)=x en [ab] murt e vaigus.
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