OUTLINE: MANIFOLD THEORY

The purpose of this course is to develop the basic properties of manifold
theory. Manifold theory will be presented, not as a separate mathematical
discipline (although this is in fact true) but rather as the appropriate arena
in which to formulate any nonlinear mathematical theory.

1. Preliminary definitions and results from multivariable calculus. Defi-
nition of the derivative of a mapping f as a linear mapping with the property
that it is the best linear approximation to f. Basic properties of the derivative
will be stated (but not proven) including its relation to the Jacobian matrix.
Examples from matrix theory will be provided to show the utility of thinking
of the derivative as a linear mapping. The inverse and implicit function theo-
rems will be stated and problems given to show how they are used. T'wo days.

2. Charts, atlases, differentiable structures, and manifolds will be defined
along with relevant examples. The concept of a Lie group will be defined
and some standard examples presented. These examples will be emphasized
throughout the course to illustrate the various constructions utilized in the
development of manifold theory. A day and a half.

3. Techniques for constructing new manifolds from known manifolds will
be presented. These include: finite products of manifolds, regular submani-
folds, manifolds obtained as level “surfaces” of maps from R™ to R™. Man-
ifold structures of standard groups of matrices such as O(n), SO(n), the
Lorentz group, and the symplectic group. Three days.

4. Three equivalent definitions of tangent vectors: equivalence classes
of curves, tensorial definition, derivations. Tangent spaces and derivatives
of mappings from one manifold to another. Immersions, imbeddings, local

diffeomorphisms and (global) diffeomorphisms. Three and a half days.

5. Manifold structure of tangent bundles and tangent mappings. Vector
fields on a manifold and their relation to diffential equations. The flow of a
vector field. The Lie brackets of two vector fields. Left invariant vector fields
on a Lie group. Lie algebra of a Lie group and its structure constants. Three
and a half days.






6. Vector space duals, tensor algebras, and exterior algebras. Two days.

7. Cotangent spaces, Cotangent bundles, other tensor bundles of a man-
ifold. Tensor fields, metrics, symplectic structures. Differential forms, exte-
rior derivatives of forms, pullbacks of forms, interior products. The exterior
derivative of a form applied to vector fields and application to Lie algebra
cohomology. Mayer-Cartan form of a Lie group, and the structure equation.
Five or six days.

8. Lie derivatives of vector fields, tensors, and differential forms. The
magic formula of Cartan: Lx = ixd + dix. Two days.

9. Distributions, involutive distributions, Frobenius’ Theorem, foliations.
Application to Lie groups Theorem 3.19 of Warner page 94. Five days.

10. Stoke's Theorm. Remaining time.
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