
Math 497: Manifold Theory Mission 9, Geometry of Curves and Frames (55pts)

Problems are typically taken from either Jeffrey Lee’s text Manifolds and Differential Geometry (MDG)
or John Lee’s text Smooth Manifolds (SM). I’ve also written a few problems. Most problems 5pts here.

Problem 82 Suppose {e1, e2, e3} is a frame at p = (1, 2, 3) and {g1, g2, g3} is a frame at q = (1, 1, 1).
Furthermore, you’re given

e1 =

〈
1√
2
,

1√
2
, 0

〉
, e1 =

〈
1√
2
,
−1√
2
, 0

〉
, e3 = ⟨0, 0, 1⟩

and g1 = ⟨0, 1, 0⟩, g2 = ⟨0, 0, 1⟩, g3 = ⟨1, 0, 0⟩. Find an isometry F which maps p to q
and has a tangent map F∗ for which F∗(ei) = gi for i = 1, 2, 3.

Problem 83 Prove the Frenet Serret Equations for a nonstop, non-linear path in s 7→ γ(s) ∈ R3:

dT

dt
= κvN,

dN

dt
= −κvT + τvB,

dB

dt
= −τvN.

Recall we define T = 1
v
γ′ where v = ∥γ′∥ and N = 1

∥T ′∥T
′ and B = T ×N . You will also

need to know the definitions of curvature κ = 1
v
∥T ′∥ and torsion τ = − 1

v
N •B′.

Problem 84 Let α be a unit-speed, non-linear curve. Then α is a planar curve if and only if τ = 0.

Problem 85 Generally two parametrized curves α : I → R3 and β : I → R3 are congruent if there
exists an isometry F for which β = F ◦α. This problem asks for you to show if two
unit-speed curves are congruent then they have the same curvature and (up to a sign)
torsion. The converse is also true, in fact, arclength parametrized curves are congruent if
and only if they have same curvature function and upto a sign the same torsion1.

(a.) Let α be a nonlinear arclength parametrized curve with Frenet frame T,N,B and
curvature κ and torsion τ . Suppose F : R3 → R3 is an Euclidean isometry. Show
that ᾱ = F ◦α has Frenet frame T̄ , N̄ , B̄ with curvature κ̄ and torsion τ̄ where

T̄ = F∗(T ), N̄ = F∗(N), B̄ = det(F∗)F∗(B), κ̄ = κ, τ̄ = det(F∗)τ

(b.) Let α be an arclength parametrized curve. Then α has constant curvature and
torsion if and only if α is a helix.

Problem 86 Let Aik be a p-form and Bkj be a q-form for 1 ≤ i ≤ m, 1 ≤ k ≤ r and 1 ≤ j ≤ n then we
say A is an m× r matrix of p-forms and B is a r × n matrix of q-forms. Then we say A
and B are multipliable and define the m× n-matrix of (p+ q)-forms A ∧B by:

(A ∧B)ij =
r∑

k=1

Aik ∧Bkj.

1This is my Theorem 3.3.11 on page 72 of my Differential Geometry notes from 2021. You might need to assume the
converse to argue part (b.).



Likewise, we denote the exterior derivative of A by dA which is defined to be the
m× r-matrix of (p+1)-forms given by (dA)ik = dAik. Let A be a matrix of p-forms andB
be a matrix of q-forms and suppose A,B are multipliable then show

d(A ∧B) = dA ∧B + (−1)pA ∧ dB.

Also, for a matrix of functions A for which ATA = I show A ∧ dAT ∧ A = −dA

Problem 87 Suppose W ∈ X(R3) and v ∈ TpR3. The covariant derivative of W with respect to v
at p is the tangent vector:

(∇vW )(p) = W (p+ tv)′(0) ∈ TpR3.

If V ∈ X(R3) and V (p) = vp then the assignment p → (∇vpW )(p) defines ∇VW ∈ X(R3)
and we say ∇VW is the covariant derivative of W with respect to V . This derivative
measures how W changes in the V -direction. A nice coordinate formula for the covariant
derivative is simply:2

∇VW =
3∑

j=1

V [W j]Uj

where Ui =
∂
∂xi for i = 1, 2, 3 and W =

∑
j W

jUj.

(a.) ∇fVW = f∇VW for all smooth f : R3 → R
(b.) ∇V (fW ) = V [f ]W + f∇VW for all smooth f : R3 → R
(c.) U [V •W ] = ∇UV •W + V •∇UW

(d.) If ∥V ∥ = 1 then ∇V (V ) = 0

Problem 88 If {E1, E2, E3} is an orthonormal frame for R3 and V ∈ X(R3) then there exist functions
f 1, f 2, f 3 called the components of V with respect to the frame {E1, E2, E3}

V = f 1E1 + f 2E2 + f 3E3

Also we define ωij(p) ∈ (TpR3)∗ by

ωij(p)(v) = (∇vEi ) •Ej(p)

for each v ∈ TpR3. That is, ωij is a differential one-form on R3 defined by the assignment
p 7→ ωij(p) for each p ∈ R3 and it is known as a connection form. Suppose V,W ∈ X(R3)
where V =

∑
f iEi and W =

∑
j g

jEj. Then notice
∑

j ωij(V )Ej = ∇VEi hence

∇VW = ∇V

(∑
i

giEi

)
=
∑
i

(V [gi]Ei + gi∇VEi) =
∑
i

(
V [gi]Ei + gi

∑
j

ωij(V )Ej

)
then relabling the first sum and exchanging the order of the second we derive

∇VW =
∑
j

(
V [gj] +

∑
i

giωij(V )

)
Ej.

In short, finding the formulas for the connection forms allows us to capture the change in
vector fields which is due to the change in the orthonormal frame over the space. Sorry
for the lengthy preamble, now for the actual problem:

2perhaps I’ll derive this in lecture, if not, it’s on page 45 of my 2021 Differential Geometry notes



(a.) If Aij = Ei •Uj then show Ei =
∑

j AijUj and θi =
∑

j Aijdx
j. We call A the atti-

tude matrix of the frame E1, E2, E3.

Notation: It is useful to use matrix notation to think about a column of one-forms,
we can restate the proposition above as follows:

θ =

 θ1

θ2

θ3

 & dξ =

 dx1

dx2

dx3

 ⇒ θ = Adξ.

Just to be explicit,

Adξ =

 A11 A12 A13

A21 A22 A23

A31 A32 A33

 dx1

dx2

dx3

 =

 A11dx
2 + A12dx

2 + A13dx
3

A21dx
2 + A22dx

2 + A23dx
3

A31dx
2 + A32dx

2 + A33dx
3

 =

 θ1

θ2

θ3

 = θ.

(b.) show ω = dA ∧ AT .

(c.) derive Cartan’s Structure Equations for R3; dθ = ω ∧ θ and dω = ω ∧ ω.
To be explicit,

dθi =
∑
j

ωij ∧ θj & dωij =
∑
k

ωik ∧ ωkj.

Problem 89 Let α be a unit speed curve with κ > 0 and suppose E1, E2, E3 is an orthonormal frame
field on R3 such that the frame restricts to the Frenet frame T,N,B on α. Show the
connection forms of the frame are precisely the curvature and torsion of the curve. Here
you probably will find the identity ∇α′(s)W = d

ds
(W ◦α)(s) is helpful.

Problem 90 If ϕ =
∑

i fiθ
i where θi are dual to orthonormal frame Ei with connection forms ωij

then dϕ =
∑

j [dfj +
∑

i fiωij] ∧ θj ( you can and should make use of Cartan’s Structure
Equations if helpful)

Problem 91 Let U be the unit-normal to a surface M in R3. Let p ∈ M , if v ∈ TpM then define the
shape operator at p acting on v by Sp(v) = −(∇vU)(p). Show the following:

(a.) Sp : TpM → TpM and Sp is a linear transformation.

(b.) Sp(v) •w = v •Sp(w) or equivalently, the matrix of Sp is symmetric

(c.) Sp(v) × Sp(w) = K(p)v × w and Sp(v) × w + v × Sp(w) = 2H(p)v × w where K is
the Gaussian curvature (defined by K(p) = det(Sp)) and H is the mean curvature
(defined by H(p) = trace(Sp))

(d.) If M is a surface with tangent vectors v1, v2 ∈ TpM such that Sp(v1) = 6v1 and
Sp(v2) = 7v2 then find K(p) and H(p).

Problem 92 Use the E,F,G, L,M,N formulas for Gaussian curvature K and mean curvature H to
find K and H for

(a.) the Helicoid X(u, v) = ⟨u cos v, u sin v, bv⟩ where b ̸= 0 is a constant

(b.) the Cylinder X(u, v) = ⟨R cosu,R sinu, v⟩ where R > 0 is a constant


