|MaTH 334: FALL 2016 MISSION 7]

Make sure you name is on each page and the assignment is stapled. Thanks and enjoy. These problems
are worth 3pts a piece (this makes 45 total points here or which 5 are bonus!)

Problem 1 Introduce variables to reduce
y" + 49" + 2y + 6y = tan(t)
to a system of three first order ODEs in matrix normal form % = A# + i

Problem 2 Introduce variables to reduce
y" + 4ty + 5y =0, w” + 9w =0

to a system of four first order ODEs in matrix normal form fi‘t” = AZ.

Problem 3 Linear independence (LI) of vector-valued functions {f; : I CR — R* | j = 1,...,k}
is defined in _the same way as was previously discussed f(n real-valued functlons In
particular, {fi,...,fi}isLlon I CRif o1 f; )+ +cpfe(t) =0forallt € I implies
cg =0,...,¢c, = 0. We can check LI of n such n—vector—valued functions without any
further dlfferentlation in particular, if det[f;(£)]---|f.(¢)] # O for all t € I C R then
{fi(®),..., fa(t)} is LI on I. Show the following sets of vector-valued functions are LI on
R. (notice, my notation is that (a,b) = [a,b]”, in other words, each of the expressions
below has lists of column vectors.

(a) {(e'¢), (¢, =€)}
(b.) {(cos(t), —sin(t)), (sin(t), cos(t)) },

(c.) {edy, , e'(uy + tiy) ,et(us + tiy + %uﬁ)} given @; = (1,0,0),4y = (0,1,1),43 =
(1,1,1).

Problem 4 Solve 2’ = 7x 4 3y and ¢/ = 3z + 7y by the eigenvector method.

Problem 5 Use the solution of the previous problem to solve 2’ = 7x +3y+ 1 and ¢ = 3z + Ty + 2
subject the initial condition z(0) = 1 and y(0) = 2.

Problem 6 Solve ' = —3z — 5y and ¢/ = 3z + y with z(0) = 4 and y(0) = 0 by the eigenvector
method.

Problem 7 Use your eigensolutions from the previous problem to calculate the matrix exponential of
-3 -5
=37
Problem 8 Solve z' = Tz + 3y + 4z, ¥ = 62 + 2y, 2’ = 5z by the eigenvector method.

Problem 9 Use technology to find e-values and e-vectors for each of the matrices below. If poss1b1e use
the solutions of d“ = AZ derived from e-vectors to write the general solution of = AZ.
If not possible, explam why.
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3 2 4
(a) A=120 2
| 4 2 3
3 1 0]
(b.) A=1{0 3 0
| 0 0 5 |
0 0 1
(c.) A=11 0 -3
01 3
-1 -3 —9
(d.) A= 0 5 18
0 -2 —7
1 0 —1
(e) A=10 2 0
(10 1

Problem 10 Solve, via the complex eigenvector technique,

dx

— =4 2

7t T + 2y
dy

-l = 2.
7 T+ 2y

Problem 11 Suppose (A — M )id; = 0 and (A — A )ily = i; where A = 3 +44/2 and
4 =[3+14,4+2i,5+ 3,6 + 4]7 and w = [i,1,2,3 —4]7.
(a.) find a pair of complex solutions of £ = A%

(b.) extract four real solutions to write the general real solution (ci, ¢y, 3, ¢4 should be
real in this answer)

Problem 12 Let I = l:é (1)} and let J = {{1} (;1 . Calculate e/ where # € R. Express your

answer in terms of sine and cosine and relevant matrices.
Problem 13 Solve 2’ = 2z 4y and y' = 2y by the method generalized eigenvectors.

Problem 14 Suppose ¥ is an eigevector with eigenvalue A for the real matrix A. Show A? also has
e-vector #. What is the e-value for ¥ with respect to A2

Problem 15 Let D be a diagonal matrix with dy,ds,...,d, on the diagonal . In other words, D is a
matrix with components Dj; = 0;;d;. Show that e” is a diagonal matrix with (e?);; =
b;;e%. We needed this fact to establish the magic formula.
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Problem|~ . Linear independence (LI) of vector-valued functions { f; ITCR—=RY|j=1,...,k}
3 | is defined in the same way as was previously discussed for real-valued functions. In particular,
{ﬁ, . ,f,;} isLlonl CRife fi(t)+---+cpfi(t) =0 for all t € I implies ¢; = 0,...,c;, =0. We

can check LI of n such n-vector-valued functions without any further differentiation; in particular,

if det[f{(t){ o |fn(@®)] # 0 for all t € I C R then {fi®),..., fa(t)} is LI on I. Show the following
sets of vector-valued functions are LI on R. (notice, my notation is that (a,b) = [a,b]7, in other
words, each of the expressions below has lists of column vectors.

(a.) {(e,et), (ef,—et)}

(b°) { (cos(t), - sin(t)), (sin(t), cos(t)) }, (0,1,0) (o, °, ()
(c) {e't, , ety + i) , €t + b + S2) } given @ = (1,0,0), % = (0,1,1),d = (1,1,1).
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Problem|  Solve &' = 7z + 3y and y' = 8z + Ty by the eigenvector method.
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Use the solution of the previous problem to solve 2/ = 7z + y+landy =3z-+Ty+2
subject the initital condition 2(0) = 1 and y(0) = 2.

AJ’ 7 fﬂe‘rwf)unu/ I /(.o’Alf’t/ Lf'f?o&?{.- Caey/// a.r:a{/w-—%p
Works o o  mmch  froodle,

[é] ned A% [ ] 3%2 -
Him e solue ;2 :][:] = [;I] ‘ ‘
[" "~ 71— 7[ ][;/f e

T
Chethmy A[Hi]‘"[a .:3; [“/]:[;L-z»?.?]g[ = A%, - ]\/

2477
T s

X (#) = C}‘?m{(//y'/w %/’-7 l“/%,/

Wow A indhal c:mc/r%mi
[ 1 l '"/ ["'/"le Fro ,
wa- [ = oflJeel [a) s
1~/ 4U/vo
[ ][ [q‘/‘!u]
‘ Hifis Hit+4]) ( 132
[r,,] 1+! ["f 1][‘“/»;0,] = zwo; [tﬂ—w] 8‘0[ ]
- 12 et [1] g )] [
X (#) = 35 € Z/-!— ’-8-:5-6’/// /;!/"fj

CHL Cﬂmfﬁt\ﬁwCﬁ.n redwa 7£f"\Uf\;th Corm /t;\o,, le/fh.r e/E,M




PROG(L

em 6/ X' = —3x-5y X(o) =
Y’ = 3x £y Y ld) =
g-o/ut Via e-—ucu[v/ ﬂ’l&]%*?—&/
-3 =5 -2 -85
A:{g ,} \%M[ } AR-1)(a+2) + IS
X.+QW+Q
. = (A :
Thos A= 15T (e e
Shdy A= —1+ 1T
= [=3+1-1lw | -S ”u] _lo
(A -1)d ‘"[ E lm-—iJT]iV “{:OJ
3w+ 2 v =
St v =

=3  Yhon '3\/1“(’1

*2)3 U= il -2
o - X——Z-&LF [z BNm
3 3| ¥
\/‘r
Wme X4 = 4

[ D > e
(N

b
X1 = ¢ Re (EF)E g +18)) + G Sl [T

Xl = e e () [] ~nm[T)) +
‘s

Cra et (b t)[T] e wimy [r]/
2= [1]- o [3]+ [ T) o [557 %
O and T =y

Im
s ]
N - G o= YT
Sy~ 4 - -2 us:(im) —J s (4
LX %) T e {

I Sin (£410)
i




ZP/"?O@‘Q” ?2) Fud et 4, A=[‘§*f]

-» 4 _ 2
/22 C,AU e u = e D{A (Qf prove ,12‘ 74/ yaw’,ce//
+4 At e Aaed.

A= =1+lT hao U= (~asiyTT, 3)
.,

)\,_—.—l-iJT hoo ( EESREVEY 9 s)
Thuar
P\ — —\f[\r\T ~3 -
e U =e o= gl ininiT) b
&. v ’("L‘m -
€ W = e u, = ‘Ie‘(COIN*iSl:\W)TAA
Ff,)m whhich e ’f‘\y\dl
, J
A [.; N | 1.JTJ - 1Y — —ZHJT QZ‘;H
e '1 z] = ’g [@. M, ) uz] // 3
x1 m\:c:pc
o -l Conedas
N ep( - Jé“{'e‘ﬂ\/\(l l\}\ ][ ‘l 2]

3 2+lu

=4 [e;ﬁ{~z;im}' -1 - xr J
3(‘Fz+3(J‘+z){ 3~ mifd

e e..r 2l i
ce i 3 3 J -3 -+

(*) proed l elﬁ t"li‘lm)(?) +e“fﬁ(~7_himj(_~3) ) @ )
G@lm ?e.\wtz+{m)+e~[m3(~2+{m) ] ) J

-

* ‘(or it
_ 0.09 66 - gars
= 0.3336 ] d.b’hct(j,
_oa, 0834 | —0.q009 :

/\‘-—[l\’(.ﬁ\m—’aﬁnm & "SW :;“W .
\l\a 30 sia (W) \ Weos [T 42U Siay U

)




Cémﬁ/yw«@/
f{a,ur)(;) “r(aﬂr)(?) =2

O oy il 10T + (T ) €577

= —W~3M4-é ;u#ﬂ?@ +t D

G'L’Z (* G rin 0+ 34T sl +:’@W 3W£v!ﬁ7~€f}nﬁ)

= :,_( PN +é\rl—cdfr)

[ . .
/YL‘\W\/\ 73 If\o\uq Ge{\h\t ’FYOA+ u)L W\OJ\’(()( Oi (7’6/
NV\(‘Q ( A = | .Z —|drimyH + ()W (OJJTF
e )” - Gei\yﬁ ( \I’\ )
= - afl(r\m + COIW
e N e

— "‘l““b\ cos J\| — A Sin ﬁ}

e

SCM(\\ n  kedioar  or mm oahe shewld

A
O\g(rm e answes & (v2) (2] (40 eufroer for e



Problem| = Solve 2’ =Tz +3y + 4z, v/ = 62 + 2y, 2' = 52 by the eigenvector method.
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Problem

Use technology to find e-values and e-vectors for each of the matrices

97 below. If posmble use the solutions of £ = A% derived from e-vectors to write the general

solution of

(a.) A=

= AZ. If not possible, explam why.
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- Solve, via the complex eigenvector technique,
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Problem| . Suppose (A — AI)i; = 0 and (A — AI)i = @; where A = 3 +iv/2 and
OV = [344,442,5+3,6+ 47 and up = [i, 1,2,3 — 4.

(a.) find a pair of complex solutions of & = A%
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(b.) extract four real solutions to write the general real solution (¢, ¢y, c3, ¢y should be real in
this answer)
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Pixéable - Solve 2’ = 22 4y and ' = 2y by the method generalized eigenvectors.
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