| MaTH 421 TEST 2

Please show your work and use words to explain your steps where appropriate.

Problem 1 (15pts)

(a) Given: H = {1,2} is a normal subgroup of Dy = {1,z,2%,23, y,zy,2%y,2%y | 2* = 1,> = 1, (zy)? = 1}.

3 —
The order of D4/H is /2 _
-1
The identity of D4/H is H . (zyH) ! = (X‘é’) H = XY H
The order of zyH in D4/H is & . The size of the set zyH is 9\ .
2 coincidendpsdd A

Scratch work:

(xoH)(x9H) = &xo)ixo) H = x9)*H = H

DH/H = {H x |, wH xva!n’?
J L s ~~ ﬁ/
(3 (3 -
Hxt xx’) 19,9% f = /9 x%y] Ixg xuxt]=/xy xx 9/
(b) Dy/H = U(n) for n =5 or n =8 ? (choose either 5 or 8 and explain your choice) ¥ ]} X‘o/ )(Eéf

N oti @ X H, ‘QH, x9 H o have ocder 2
%W’ Dq/H = —[lezz = U(g)

Problem 2 (5pts) Define what is meant by writing G = G1 @ G2 ® G3 where G is an additive group. What conditions
are needed on the subgroups Gy, Gg, G3 (if any).

G, NG, =10/ s (G8G,)n G =10f neetn G G £

(adepen oo Subgrogy. We alie noed G = G +G + G,
/\/o/mll"[_n ”‘% [“68/0\/,0/ {:( fe’?-a—(/ 6“# fl-haz G o\_ée/(‘,.;n CA/C/ f“‘{j/d'//‘y

Problem 3 (10pts) Consider G = D x Zg @ar€  Nnorm

() The number of subgroups jis & of order 15 1 ZeERo _ o Nne rued

(b.) The number of subgroups in G of order 8 is 33/,-! - B s« b grf.wl.u oé orob(\g 7 ate .
Scratch work: < (t wch hns  Hoordin g elemundts ) ‘ /iﬁ:f:'f ‘ e_?W/( B

(a,) elements (4 b) € Dy X Lg have orcn (5 o /(Cn:[/a/,/b//'-:/s
Bv’kl 5 ,}/ |2 and S /{’X Je obﬁ,}u}\; ﬂ\! A /52.?/5) o
rm/oufJ’(z (L In sher+ é i(a,/ 6) [ = 1€ K any (a, b) = Vo Julgpr.

3 2 ? 9 5 O‘izdfg(q,\/ﬁ
Dy we Amve X7 9, X9, X7 X0 K1Y XY of orde Q XJK‘WZE

In

In 2, weheve 2124, (vi=2, [U=(3/=(s[=13 =5 (6= Y

To Ota‘hu(n QCm Uql/“’l)= g we  need ~10“=2/ b “7[:8 d(l“l:l/w/=8"
o lal =2 hes F ochelwa lb=8 . gves 1 chvivo = AL frem, [al=2.

(=1 hes ] chiu , (5= 8 gl Y e = Y choiw fum fal=] s 33



L.L - '—XP/"W—b* (0, o) ; (l/ 0) P (l) ID} are ’#\2 ordn o ¢lemet in ZzKZzo
Problem 4 (10pts) How many automorphisms of Zjgg have order 2 ?

Bl At (Zn,) == Ulree)=U(4-29 = Ul)x U(2s)
/
Uma At ()~ Zp X Zzp w0 VW={3]=2Z,

: Vizr) = Zgeg = 2,
To Gant (a,6) € Ty x 2y with ocdan 2

°-
UAre

(v ns chan /[4/'—“-}/ | bl =2 and /4/32/ /6/2/ or [b]=2 .
e m
( choc'w 2 Ck"’w
/_ +
Pri:él:x{l% (1035) Wemorphism preferves ardnn, 4 3 aut md//?A/JMJ oF ardy 3
in A
(a) List all of the non-isomorphic abelian groups of order 54 = 33 - 2. Circle any that are cyclic. \’#— ( ?2‘ - } &

qu X Zz/j:> & — CcaleQ “uo gc.cl (2_7-1’2) =1
Ly X Z3 X Z4 ‘> net cyelic.
_Zg x 23 X% 23 X Z,

(b) Are the groups Zs x Zsp and Zg x Zgs isomorphic? Explain your answer.

Yes | O bserne, 23 % Zso =~ 23 X% z, < ZZI
= Zy < Zs

Problem 6 (15pts) Let ¢ : G — H be a group homomorphism. Prove Ker(¢) is a normal subgroup of G.

Nete, ¢(e) =e 4w ec ¢ ={9e6| ¢(s)=e] =& Suppice
abe lnd thm P =€ oand ¢[b) =€ Athu,

$lab) = ¢l) @(b) = ¢ (s) (qS(é))—l e (e)” =e,
hen ab” € Kad ond we Aid WKer¢p & G (:3 one s fep —smbyrop
'\"‘35", Next letr 9 € G and Suppee X < %L(_szag—j
X = 05\/5‘3—\ winte 4>M)==e, Oluerue/

$ 0y = ¢(94997) |
‘# (9) 99 CP(@-“) : aw q‘) hemo morpllll(m.

hen ce

I

= ¢(2) ¢ (97 ;oo Py =¢

= (?(93"‘) - q,/ /\,o/moyrwz/'oﬁéffm
= ¢ e)

- e

Thns X € Hand and IUand S llnd ¥oe G = Knd 4G,



Problem 7 (10pts) Show that SL(n,R) is a normal subgroup of GL(n, R). Recall SL(n,R) is the set of n x n matrices
over R for which the determinant is one.

Lot & GL(MR) —> R™ be dethed by B(R) =t (A) VA€ Clin)
Note A€ 6Lin@R) = Job(R)F0 = ¢ i into. Moreoser,

$(AB) = dub AG = bA dut@ =d(#) 4(6) = ¢ homomarphiim,
F(nwu,a/ ¢ = {Ae CLinm)| debrl =1] = SL (n,iR)

hen SL(n, ) 4 64(n,2)

bta PRooLem § or Noter etfe.
Problem 8 (10pts) Let f : Z7 — R be defined by f( [z]7) = z. Is f & homomorphism? Explain why f fails or succeeds
at being a homomorphism of these additive groups.
Obserue (e] 5 =

= [12); e
£(Leds) =6 and £(Lel3)=£(015) =13
hena £ Ia'nab,—vd«u, = { net & Avndhion

{__‘- V\.u"‘

£ nd

+\7PO! shuwld be a-lbe(—-{.
f_} gVPPm QszH wl\_M.t aleG (M‘\J H‘_{:G fc:r\u QtaeeqH

we find a € bH 3heH swh 4t a=bh = g en
nenu (5] = o' b)) 2 ol g €H.

1 Suppenn

a hamamafluél.}m

Problem 9 (10pts) Let H < G. Prove aH = bH if and only if

q-‘b € H Thws

o'b =h € H. Obserwe b = &T’)— and

H = h | heH] =] O\T’\T\-Il‘t[ /\’\@H] :':"‘
o %& I — [ bkl keH] ()k h h
~(tee nefesr A

is “ﬁ"ﬂ\‘(«/\}
= bH a0 h ¢
a dz#c/o.{— and 4 . n “
Problem 10 (10pts) Prove (G x H)/({e} x H) ~ G. P& Rowyr [(upersidr a 5 V‘”\l—d) _arb A‘fama .
Let ¢t GxH —> &

be defined b~0 qb(x’\/)) = X \/()gyjé GxH.
ObJerve, cﬁ(( x, ) (a, b)) = ¢((xa, 96)) = Xa = @x9)) ¢((a,6//
I'\(,)’\ (¢ ¢

a /\dmamor/o/u.'/m. For flan muore
>

P

%ercﬁ =

[ (xw)eexy | x=el= JelxH
They,

-
l:’*a l e—_ ((UfY\.urPl'\\'{m /ﬂ\ -
vl

GxH G
(\,ah’hca 3¢ G hew qﬁ({c,e)):g |~ «)e}xH
- ¢ (6xH) = 6




Problem 11 (10pts) (pick one of the following)

(a.) Recall ¢o(g) = aga™! defines the inner automorphism induced by a. Suppose ¢ and y induce the same inner
automorphism. Show z71y € Z(G).

(b.) Suppose H, K < G. Prove HNK < G.

(a) Suppoe ¢, =4 > 4(8) =4, (5) Vol > x9x'= 999" Vel
Thos, X7 xgx™s = x99 and we Fnd 9(xM)= K129 V€ G
That s, we Hnd X9 e Z(G),

(b) § HK4G. Let x e UKD Hunm x=399" e YeHnk

Awe YeH and YelU. Asr H4 G We hnew 9HY ' ¢ H
henw x= 9997 Uuwa WeH = xeH. L:l«ew&-—e/ o)
K DG we ko QKg' S U hina X =999 whoe Ve i
gieldo x @ . Tn 4oht Xe HaK = 9(HnK) g < HAl

and  Hllewr Hn K 4 G.

__(Houubv!f‘ i+ remainy o chow Hnu < G/ I leave thot +o Yo
vie ’jAQ VS

Problem 12 (15pts) (pick one of the following) | Lobyra ‘fCJ‘f:f, {’7[-/1, a\,a ),__
(a.) Suppose H < G where G is a finite group. Prove |H| | |G|. That is, prove Lagrange’s Theorem.

(b.) Suppose #, K < G and HN K = {e}. For all z,2’ € H and v,¥" € K, you are given (i.) zy = 2’y implies = 2’
and y =y and (ii.) zy = yz. Prove that H x K ~ H @ K.

(a.) Sinw cets aH poctition G we pase G (ah  dicfinct
ety o H, ot L ag Ho Howew, | a;H[=|a; H| = (H]
for ewch  i=\z,.,k hena G = aHUWGHU--vaGH Ao

|Gl = 1o H + [aH|+ - |a H| = Il <=~ (H] = le[H]

k- fld
Thws  HITCL. (i Adk [G: 1) =) = el lear asweld )
IH

(l;_} I %WVC ‘a""‘ ’H\( éewwu.. ’H‘UJ(‘ d(‘t\/&[ -’H’\,e ('Jcrmqr/)hu'n,\
¢: HoW — HxU by x=0ab € HOK whoe acH bek
mogs Fo (ab) o d(ab)=(a,b). Note ¢ well—dehiad by (/)
g, Alss, ¢ (xy) = ¢ (@e)'b)): whea x=ab, y=a'4’

. ndoaa‘'e H bb'e il
& hena & V}.OMDMOrPh\}M, ¢‘ ((aa’/f'bb// - (»aa(ﬁ.;a R
Mereov of (Q,b) € HxU (O.Q’ bb’j D de* of

Yhow  $lob) = Lab) - - ¢
Uee ¢ = | ab l(«,:;=(e,e)c§(g?:} o (a,6)(a! ') ¢ dk* o HxU PnaLua(‘.

2. (f i t}oM«.;nym o He xHxU. = ¢(“&) ¢(0'(6// = ¢CX)¢["/ ~— &

——

Il

0oy



/, ¥ fonca T  have frowbl ?t'aa(.uc.;ha W .

Problem 13 (10pts) Suppose x : G x S — § is a group action. Prove that G, < G for each z € §.

Bg det® of grogp actin we have C¥X =X AHor each X € S Sfhw

Q & Gx Ea ¢ guppou Q./b € Gx dhen axX=x ad bex=x

B % = = ~ AXia
s a7 w (axx) = dlxx = (aT&)xx =aTxx by Axem 2 of

grovp achring thusr €XX =X =alxx = aleG. Al
(ab)» x = ax (bxx) = ax X = X Wing Gbe Gy, ad agud
Axiom & of COFDVP achins, Con‘;u)(vwl/‘('(a/ a b GGK Aws
5'3 fuso "SJ@/?~IUJ3¢D(W\) tegt G, <€ G,

Problem 14 (20pts) Suppose  : G x S — S and o : H x T — T are group actions of G on S and H on T. Define

«:(GXH)x(SxT)—> SxThy
(9:h)+(z,y) = (g*z,hoy)

For each (g,h) € G x H and (z,y) € S x T.

(a.) Prove that - is a group action.
(b.) If G = S, acts on § = Sy by conjugation and H = ((123)(457)) < Sip acts on T = Ny by 0 o z = o(z) then find
the orbit of ((123),4)
(a.) (€c,@,) = €gyny ond we hove €cxQ=9 Yae G |
and By dh=h VYhe H ba A rom | ot 8"0;}}) Gc:\‘\éq.
(,Ar\sd,w\/ (66_, @H)o &XIVA) = (GG_% X 4 eH Q\a) = (Xl ‘ﬂ) V(&‘d)é i
Yrus o hes Cexyc 2 =2 VZEGxH, Next, onady,

830 bl o (x0) = (98 b Je L 0) = cled™ ch,
GxH

U »
— ((9491)*)() (/7‘/7;}0‘6) ;M— °7l ®

(9% (% xX) , h G(h,49)) * Axam 2 Fr X ad

(9,,h,)e (9.%%, h 0y) - e ) of o

(9, h)e(( 95,h) = (x2)) def® o

Thus ¢ s« Qrovp achon,

U") O ((Uzs)’ L{)) = {(D(,o’)- ((123),9) ) X € D, ,0 = (lz.?)ki‘{.f‘f/“:l(é/Z/

= { (= (12307, 5"(4)) |xe S, 0= (lz{/( L ,1'52/2

= { (0(((2-3)0(-‘,‘-{), (o((sz;)af‘) 5), (« (122)x ", #) )o(c— ,S’,,}

:({ (123), (132), (129), (172, (139), (143) (234), (zy;)]x{ 95 72f
'—(2‘1’ /ff]l’h(j_r 1A M) o~

1"




Problem 15 (20pts) Let R € SO(3,R) act on R® via matrix multiplication. Show G, ~ SO(2,R) for p # 0. Here
SO(n,R) denotes the group of orthogonal n x n matrices with determinant one.



