a
[ECTURE ] : SYMMETRIES & EQUATIONS  MoTiVATIoNS ()

Abstract a/g,&bm’g odg/n rf‘br; wou ld feem *o most ﬂat‘wfa—[l&, f2//
fo /’,(g J‘/‘Dn7 o/ ,00/7,7””;'/ eMJnf and ovr .r)‘/p%’j[( ﬁfa/vc /ﬁm
We 66&/’0 wl A ?uw.dfaﬁz ef%

fix) = x*+bx +C =(><+%)z—- b7,-1~<:
~—

L S —
+ 4
a (9/ - % 2-— d = O > lé * - d
— —
The cobstitvtion Y = X+ b/ g +Jd
depresses fhe gusdrafic = x+bp =t V¢
and allows vs 7o solve .
vriny rodicals, Tha = {j _ -bxt WJ
d o Cfl'm('am_\i' G/ Ls‘ UIefJ U

to categorize the Fype of solotron.

For b c € Q@ we ree 1o rofroned Solvhun existr vnless
o i..r/ a  Spuace. Tf d< 0 4hen no ced Solvhea existr,
Co mplehng fhe Sguae is cother old and fm)‘/wé/é, 7+

wos fied fo gcomcf‘n’c /J/ablem/ whith made Jach ot
recd  Sol vhvns p/\y:/'cdlﬂ p/uum'bl.o.,

De{"ywiﬂn 4wo indeterminnty X & X, we define
Sy mmetri'c fon chon s S, = X, +X, and S, = X X,

The 2@(\3(& Wu,drau‘h'c hos Form -F(x) = ()( _X,)()(..xz)

Pagt 610 in Dvmm.r § FouTe,
fix) = (x - %, )(X = X,) d = (X, —X‘)Z

= 2
= X2 = (X, +X%)X + X X, = % 2N, X

2
= X'=5 X+ S, = (X4+%) = 4X, X,

2
Remwk: Hhis —Formvlw{'\‘On which - Sl - L'S?_

focuses abstradly on roots x, €)X, ond symmefric funchons i dae o
.Lua range.




G
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Cueic [EauaTion

The selvhon to X3+ 0X2+6X+C = O s far mort
Compl,'c.;{ed than 4he ?v.a.dra,ﬁ'(. cake. Fiest we shoold
Note 4he ymr«/ problem can be refrmulfoted +
the depresred  cubie

fix)= X tax"+bx ¢ /7 X=9-%
3
= -a)rale- )+ b(Y-95) + C
=9+ Py + o = 9(y)

Notice f(9-2°5) = 9(Y) thus 9(%) =0 = {(y0~<1/3):o_
We find Yo IS oot of 9“"9) S X, = ¥, ~ %3 i oot of f(x)_

Remack : P = 5-(3b- a‘], Z = 5;—'(243— P0b + 9?cj
this Jseemy //(/u a re/a-x/}w A ome wosl CxertiLe .

.fu/:/oau o(/p/ Y are +the solehions of 93+/°'9+?=0,

De{f"/’rka oli:cn‘ming\d‘ of (x-x,/(x_xz/()(_,(]/ Ly

given by (X=X ) (X, = X3)" (%, - X,)* Aam tha

disceiminant D =(=0) (x-7) (g-7)"

I+ 4vrns oot thed D = ~ypi_ a7 9
e
p. 630631 of Pummit & fooke
gl'w. fomra details of Ahis dertVaton
whiwn l:_( basted on %a&{’my’l
47’%0»«1 O'f re:o/uem‘:.




CaARpAaNOY [oAMVLAS @

To Solve %3 +PY + 9= O constract

D= -Yp’- 274"’

3
A=’\/-%f-9r+§ ~3D

j be:)CC—‘f' AB :_3(0

ThY « = = s/ B3 EA+£B/ 7=pligs
3 K|

-5‘_-,,/-3 8\':1:1 Solehun s

D‘(’ M Jepref.fcd cab e 33-}-[’9 +3 =

where /0 - —l

T8-S = S[qzy-36g = o

AB = 0 = _-3p . chu./
x = A.;B = 'i/_g—' = Q
5 X :
B =&A =2 = 9%
3 e .
Y = A - ZIrz/3 ; wr\Jv\anJolt\?.

[\fo‘l-,'u,) % —3 __:(LJ_2)(9_aezn.-/,)(g_ae‘lﬂ“}y



E/ Conﬁf‘l UC(J @

y_ g = (:f-a)(y —aez”‘/’)(zhae‘z”"’/
— (%-a)('ﬂz— a(ez""/%e‘z”%/y + "/)
= (‘9-2)@‘— Y cos (25 )4+ Y)

= (9-3a)(9 +3y+Y)
C(rejucn'bu, Nno reck restr

Hemosk Db'/"‘MJ/Q the vrvad &/9,&5(« (s way €a/ier
than VJ"'\Q Car dano 4 Por mmwtas,

[ER] Contider 9°-¥Y = O
—  ———
P=-Y, =0
D =-4YP"-23%" = -y(-¢)"-23(s)" = 256
~-30 = /6i43
_ 3 ' . '
A —\/gw/-so' :{fzqzr? = Jaiyz e %
A T :
8 -\/’%\/—31) = /-niyF = NOTS AR

3 ‘- T/ -
AG :Javﬁ‘.\’/awﬁ e 6€m/‘:-\3/zq.zq.3 = /Q
Tht & geed, we naed -3P = -3(-y) = |3 = AQ




EQ tenhnved

1l

We ‘ve %wnc/ ? 4Y =0 Aas 10/ %4 E‘ -2
which is A/QCA».//; W?f”fp//r/ha/

9°- 99 =4 (9-y) = wy—z)(wy

E A neee exam/,k w:M b‘”) F ?’ # 9, If 3/%(/7 b?

V2 _2v4¢ = T+ turns ot Ahst D = -Ypigpe® =400
Aftee Sora CA/CV/I-/'I;A, Z found A+E = =3 and T

s
let Yov find ’(/(y, r for Ahy Prodlem th Ahe /QUWW‘/AI



Quagric ECQuaT onS (Fecracd 10 (SY0%) (@(

S

Givea £(x) = x4 bx’tcx’+dx+e we cun
sobstibte Y = X - bly 4o obtuin the depresred ;’Mo/f?'c

9(9) = Y+ 2y s ry +5. Followiny Descartes ~ (637
(Iu Reotman’y Advanced Modern A@chx, Qh—‘/&/. /agj’j*

(8000 = 4" 98" ¢rass = (4043 42)(4°- 4y +m) ]
This lesds 4o Aht  resvlvent cubic

Luj‘]gﬂt 2% (4%)% + (4~ )4t - pe :Q

You ean solve Ahis and hence Solve an artie, (4
vs review Some historjed +idbiks (Aum %)

letters 76f Variableg : Victe m 159/

= .S'/'an : Recorde in /S5 R"f""*" fa.r,/
. ﬂ'/ tr //"M
Cx/) onentfs : Home n 163 6 . w

(a.Jor; 2 A
+ and — : Widman _/i_f_é M'{fm, - /nkﬂf"\"ﬁ’f'(
Nd‘fhﬁ'vn”
+_

S/7e(.l.p‘ caay ﬂ/ cvbre : S-CI.PI'O ol Fe/ro ~ 51§

cobic ia geneed i Niad! Fintana [ Tortgln ) 1535
Gicolamo Cordeno /ISY5
q,u_o.rh'c : Fc{(&ri, = (§Y0 {f

ﬂen fom 15000 Fo abot (£00 many ofhtrr fearched
P a g% P th ?Vt'nh'c or hc;’/ur /Jolymmfw( ey 2

l7‘7‘0‘. fo.anmg,c showed reatoncdle Svbrhtvhin,
Produced resoluenk whicth must  solue hlakcr
Ahan gth ocdan p(oblcm for e #Vm‘h'c‘



’?9? . RUM}D; aavc f/oy{ unﬂ Jaff M
T oﬂq, ?M.;Ah'c couh, n.ul' acnen,.//; 66
relved by codi cods

18IS - C,,_%&u’ infre duces v H’u’@lf&r—/hc:n of pefMV‘h-h‘;nJ
and proved  berle fudk abet symmetri gy S
(Fateodveed tycle netwtion) 4 c////bu';f Cycle
hc/wiia.hbn efz.)

19204 « Abe/ p/wa/ not oll }w'n/)'c.r are SLolved ty

rado'cow/: , /“! Prpo./ /'n v./vu/ P(fMUM;n,
of Ahe ootz of A ’»"‘;‘*’.C

1829 : GArots selved 4P guinfic problem ‘a4

fente  he gave @ mefhed + decrda
whl'ol\ ;w'nh'cr couvld be Ja/ut/ 67 (’udl.c&j.l.
Thit was natwed M/Mn;n of werh ’{a{évfm’u
and Abd. He toined A kren “arov/) 7
as J‘ubr.uf‘ 01‘ S:, cloyged vndn umpon}/bip,
Tdens ofrewdy preserd in Golos

v P 7

- Con:\u%a.h'm
— normd suboer
- ﬂ_uu‘h.cw* Dfovp.r

= S'fmf:u Orwp; /
P(wcd [N po\u,v\om'\c..'. C}vw-h‘m wuld Le
Solved Via cadics 'UK' Ao Goloy
3(0\,9 ,L AI. Pol~1AOM§J S So\wvable

over @

RQMML\: s ‘f'unm{ Yot G°:vl°fJ‘ ’ﬂ'\.eo/u’ re_gyuu'ru fo mvch
\?o.df\ar\oundl w e Y o.(z)u.wbt? e O\'i%\\v\ O‘F b e ot oJJ.
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N
De{rﬁ/ 3(\,5.«\ indeterminants Xi, Xa, .., Xa we dehu h @:/

e/tmcnﬁ‘./;} f’ymmef//c ﬁnaﬁ‘;ﬁf

S, =X, *+ X; -+ X,
Sz = X,Xz + X'X_';f---'-f X,_XJ +X2X¢/+"' + Xﬂ-/ Xq
Sn - X‘ X}_ - Xn

De4744u. aer\erd polynomio-e of olearce, n is

(X= %) (X =X ) (X=~Xq)
whote coots are dhe  indetermmants )(” Xz/.., X

Tha coefbcionts of 4ha 330”(-1 ,Do/anomil—l are 94l;cn b./ Aha
c/cmmrm, rymmof‘n'c &fw/ﬁnf u/:)fo Q ‘r{]’" U/f/mm/'cé,
we’d i P find femvlar  for X,,)(,'/ ey Xa n deimy of

he wc/fu‘wf'f of Aha ijM ,oafjnamz'wl. Lets Ploy with n=3

(%= %) (X =%g) (X ~x5) = (K= (%) x + %X, ) (X - Xs)
= x°- (x,+x,+x,)><z+ (X, Xp + X Xy 4 X,X,) X — X, % X,
= X-5X +85X-5,

G anerm“a y

(=% ) (X =X)o (X=) = X' 5 X" X" b ()",
1M swip 4he decivaton of 4the cubic —erwl,a,/ my 800~—Q
hece s 4+ shae o few hia\r\liakfs of l\aarmag.’r

program 4o .'Avexﬁae.ko. ‘F{v\dina oan M\w\aa‘h: P (N

”&dlwﬁt %0 ‘fvr ocdam N=Z28, I'(' \10u reo..d
D ol Yo learn Ahok af.u.&mua,o. reprodunced
(C.WH? O,F eor\ier mu)ﬂ\eML(uN weh & J’f(-CmuH(.

Mmeled  Pwsd on e,xp\o}}l«a, Symmetries of Ahe frmdar
w n n,Spcu\’ +o pf.(mvha\'{m_( of oot




SYmmeTries AnD  GRouPS @)

By tha mid /?ﬁ century [a7/¢7 hod obrtracted +ha
gy wncc,;f beyond permettrons and abot FAe San
fiwmar  Non - Cwelidenn 3‘“”"”2 was opcovered. The
Conftxt of € vcliddesn fam&'f? wih well ~dephed
(:'/'/'ma/ an(jlc nnd laafu(,((/(fjm Jave way wild
ex am/J&o where //—-///'w/ mterrect and e ﬁm47v

theorems of Evclidean a"'m‘/f? were Fwirted or  fopt
oA h}&/ﬂm Tt war a a re&sponce 7o fh.r
Ir.‘)"uw/’h:n 7%""* FC/';Y K/ﬂ;’ pu'i‘ ﬁr/ﬁ a ,D/vra,y,

+o Jeneroffe-e the idea of Golois 77\”/] : f0UJk/7
analyey of Structvre prececved 57 “ greg
ERLANGEN PRosram (1872  Feux Kiew)

characteeize meefn’e/ based on
9/‘.91;,0 '”\Cﬂfv’ and Pfo\}ecf)\/e 3¢omf/}

ﬁ\ ProTe crive GEomeTRy
less More
skeuctwrt | KFFINE G EOMETRY e

EVCLLIDEAN GEOMETRY \}v

In Euelideon Gem/’f7 ,M/; Cvclidesn Franstorm -

- ahons were peln’N:ITA.l’Zt/ In HAthe va
JDJ/‘ 0.141&. frany. P LA pre) ecAve fUM&f/;
Joet p/oju—h(/e +7 ans.

: . o
Tn euwn o eomed /,Oa/‘flcw/mr objects are preserved va
A “Sennd i blls ot T goomaty, vt pigh ih B,



()

A)ema.rﬁz /aoh Up “/(/efn geamcf/ig “ +o Lee Aaw ’ﬂll}

CALAN GEN PAROGAAM W ';np//}ncn,v‘a/ via O

(G, H) where G s a grvp and H a

pa:'r
Sau X =G/ allowed  tcangformahiva,

Jub(,/oui), The
ln’ G (A fymme//7 Hlogp of Xj, [For Cxam,a&/

:_l-_) Affine Space Aln) = @_n
G~ AH( = R "> GL(nR)

H = GLnR)
Scmf-ol&euf' Praalu.ut-

2) Cuclidesn Spau El) _~

G = Eucln) = //?ﬂN O(n,ﬂ)
H = 0(nR)

The idea of presecving stevetnce fheovgh cecthun  pretesed
Maﬁwhy s o P&#‘fn we J[er 43 arh  and agoin ‘n .
Wleia’s  proyrsm hoe been reinvented melfiple framao Fa
evesy 3&/)&/‘04");;« which Folfowed,

We Say an object har @ “.fymmzf/g 7k Heee
l:r Joema r(,‘{' S‘ whi'oh maps 4> /?Jc/f UnJCK Jone
collevhon of +ransfor mohonr

\E{y Let S be a nMHYI/JI‘/ be/ fhen a b/'l‘dcflon]

on Sl ir Q pe/MU‘f‘b«ho‘n D'F Sl




Euc.uoepw GCcME‘TRY @

We'// appfpaCA MIJ 7‘)})/“ {/f/ﬂg Ana./yﬁc Jcamef/y 74),—

ta n-dm A space IR" where we define

XeY = x‘gI & ngl,c-.-«-/- X gn (c/of—producf/

Ixll = X+ x (veetir /en;/A or norm

o (x,9) = 19-xIl (dirtance From X to 9 )

The sef of oM possible permv'ﬁvﬁ‘oﬂf of " is huge,
0"/51 a felect Subret is of intecest fo Evchidenn Geun.

[~ /n
DEF/ If @: ﬁzn——; ]TZn preserves s divtance
between po{n-l-.r then ¥ s an l'S‘ome'I'rg. Thet (s

LY an isimetey & 20 -(Q)) =1P- Q) VEoer”

17 leave 4 p/oo-/ of Hhe TA2 befow o 7he r‘ea.a/ec

77"3//x£7" s //?”—-’//?n be an /'fameffg,

(/.) 90 presenves o/of-,araduc/'f = Sﬂ(oj =
77%\4{' i.l‘ CP{X/Oqﬂ/‘ﬂj:Kv(g Vx,vfli?q(_—:) ‘P/‘):O

(x,9) he X9 = o

@) If © = cos '(u T

then L (PQ) =L (®(p) P(@) VPQecR"

show Tfrans/ahonsr and Orﬂ\aa MJ

It is eary to
ISometries of Evelidean Jpace,

trans Porm a.fons are

De47 To \Rn‘—"ﬁzn with Ta(x)=x+a is
Ahe +ransloanon \7 aeR" k\buwfu f Re//?'::';

R R=T1I Ahn RE O(n) and Lg ) =RX define,
Ahe orthosnon d teanrformwhvn Lp* N (A

—_—

/




The ret of Ml bijechone of R7 Bemy a
J
grovp with respeet 4o o mposition Perm (R")

17 Tsom (R) = [ 9s R"R" | % an irmepy |

s e Sabgrop of Ferm (7)) Moreoue,

Trans (IR7) = /K/ae//?”/ and  Orth (R, the

sef of M of#\oa ened  Feans formadron, are bot)
svbgrovps  of Tpom (ﬁ?"//' Trans (ﬂ?"}) Ot (R < Tom (1)

FT/rfﬂe/more/ for each ¥ € Trom (R") 4hece
ex/ct T, € Trame [//?"j and Lﬁ € Orth [i?”/
for  which ¥ = L,‘o e 72

P(ooF! 44\:. Tk% obove Say; +ran.rla.h'on.r ond or‘”\oao/\,we
Yeans ormehons are ol we need to conpf oot any

d,‘Iﬁna—P/e.re/w'n; map. One £t 1o 1he o gument- (s
fo estublich e ﬁ//uuw}\) characteris ohin, of 0,-/;///7"/

%mea : If ¥ e Isom (/f?"/ %Cﬂ ?6 Ur#, [[/27@ £P(0}=0.

Prw/ of Ahis ozemma 5 a (9001 exercise

7

Remark: I/ /Jroéabl; mobu pocts of 1A proof Aome work
’n\t Mmore _rubH¢ a..rpeaf‘ II” pfobw()h’ |C0\VC +> fﬁ'u.

\ \ wn ARTIN ©R
~eader " W+ ir Shown
Onei/ls  Clmentan Dilferntd “ALGEBRA"

/4
Pty (cearer ¢ )

D a vide whee T oo treomh Ahe debub,



2 2 \
Ifomef//a 014 @ and /2 arse espe CI'AJ; Py 7‘1/!/}7,7./ @
as 487 are I'M‘eaf*/ o 41\-! ﬁrmu/aﬁ‘,'n 07‘ /O/Ma/-

oc  solid  Euelidenn 3eomaf7. We tn demonrfretse

if omefrier fend cirely B c/fc&o/ lraer 7 /rit'.;

and a (jf\/(,n me///‘c Mofc +H ot fﬁa’og

on L meore,

(Fe'}y [ot C2 < ﬂ2n, Tha {gmmﬁrzg
fov 0{:_{2 s dehned viea

> () = {CFGI:.MU:??)‘}”(SZ/:Q]

L

[E7) Zut 2, € IR" be he regular, vnitside ~lenyth
pelygon with n =3 sides then D, =37 (S2.).

(see Lecrvae S of my Melh Y2/ noter fr moce
ex./,ou'/-,'on on dhis I'/ yov wi/A/

(Remww Do = <o, b lal=n, 1b1=3, bab=a"> )
an D,

s odmort  always o be#er way 1o col wdete

T (Corollacy 6:4.10) (RATIv, p (€7 oF ALGEBAR T 2™ &)
Given G a finrte .S‘ué@/ou/v o Lsom ///?Z]/ A Coerdinete,

are fw;"a.é/ ch,,,m/ G bewmes A W'Cyc/," ‘9/470
or Jdhedred 3/073 i ﬂﬂafopf/a.:& orcln




®
ART  goer on fo Cﬂfegen'ze the direrete (lhe 2,00 )
bt infracte .S'ué&fvw of Tsom //?"/ and Ae slhary T /?

/)/Maf Cyrﬁ;j{ogmp‘n'c 3(0'1,0«' (Lu /7\4 p/'c/WP ﬁumlp. /;‘9

Remork : e derm discrete har a 7‘“/30/0&4?4//&"0/77?2‘-/ ar/;?/},/
or, in Herm of manitold %cwy we  an Say H ir
disate if C/I/'n (H = 0. 7he potsr in H Gn
be fcparwfea( mr‘o digjont Negghbochoodt, Cer paindy
H faite => A d(fC/Cﬁ bt T hinite dlj(fcf( i

D Considn Z S R +hen Z giver  discrede.
sobprop ot IR undn + .

[é:_G_J Congidan Z = l? onq Mmore ZZ ‘9‘.\181
discrede ué(,/vyz o# R w.rt. + .

o o O .
| 0 e ZXZ, A vnit-lattic

e o
‘

n

® ® +
® L] ;
% s

In ronde Jense, Z and 2° are Sobyrops ot I um (/2/

bdf IR ,oreczu %(7 are lfamomhac 76? p&fﬂcu/of

ah:cru‘c fubd/W/Jf of  Zrm (R')). IW try o wnite
herma work P ex/o/ore the wnbent of thy clum,

Jorme
/7""0“‘ dim (Zsom (R")) = dim (Octh ()] + diin (Towns (7))
’ﬁ’ CX“"‘P(" dvm [Zrdm[/?// = [+2 =3 whereay

d(m (Zrm M?)) 3+3 =




‘ 19
I ConC/UII;n, Zrom /ﬂ/ heay a Wc“—/#n @
01£ .f‘-)‘an'el % '/e/// You can read u/tsh bocé/

on '”\l oLe'ﬁ“[f Let ve ¢Con clude W'?X a

few Cryphi  commendy aboot whet comes next

e Nlem Geometrie or Mm%emlv«f /f[qw

o (ARTAN Geometrer, enter Ahe Cennechon vhich

describy how o gibion Mocldzq,umaff; o
/06#7 dif*"(ftl(/ 743/ CXCun/) 1

o Rivmunnion manipll is debemetin of Evel.idin Yag

o Loratein manill i defomehia of M Rouslt; 1) aco

o Lonformd _mandld it deprmodin of Gotimd Ly,
‘ /17_{4/%&/ with a%Ju wanehn o deﬁm;, of 4%‘(

Ju

In each case we vie o prvp of allowed fransfimq;
o describe the strachwve of the pact. For B

Ulein Geam-cfh'e/ dhere isr a 3/054 J'y»‘»m/r; wAereoy
fhe inteo duchen of curvature for 4he Ganechin
ollows 47\4 way 4‘/\-0- g a.wfr on (pau > .V«/;,
from pont B peut. This i tm;u/e precice wifl
e methemebes of Frincip b Fiber Bundle, Anywa,
fhare ir much Mese fo fay , bt Next we 9e g
a diffecent ,auﬁ\ and Aoecuy oa  how u.m\é,

Aha co/\pfrvo'ho‘n o-r' o g_fge_ achon o\.U,o..uf
[N Mmore Pobu.f“' Jc:crip‘h'bn of hows 8(0./‘3_: 5_(,_"'

on sets (obv:’owlq I'm net +erhing mandeld
thebretic Jibber Jubber “m here @)




