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In this lechre we survey many resulte from intermedials
8/0.47 Mco/?. Many o/ Mu—c are l'mpfovemcnf‘j on ('a,ug,(,; ﬂ":

or Sfort of /aarf)'o./ ton verresr o z"&"‘"f? 72? ﬂ_(
big tdea hece Ir exploring the [andrcape of Fioite
8rou,a.r and Hewr structure. 1Y alro p/e/:mr‘ IJe mocphism
theoems and  hopehlly we will prove 1A ose [bu/ o

be clear | I'm not proving most of St res/tr ﬁere/
Ie Fobum thece fam §/1 7 and 42 of Retman %
A olvan ce of MNooern ”/945/&, 2”,4 {a/’) (the mavter  hiy

boch is o treasuce)

0% /,//?/ If ¢ ir prime and G;f/// It a faite p-grop,
Hun 4he centte of G ir nef hfw'd/‘ 2(6)# ///

De%"\/ If P is prime, Adhen a grovp is called a p-grovp
H 1G] =pP" fr fome Nn= O i{

Coml/wL/.llﬂ If p s pn'me, then every grip G of order Plis abtlia,

Prop. 1.1I6| T G s grovp of ordtr /’I’ Hen G hos
neenmed J‘wb‘jrw/ﬁ of  drder Pk for every k s,?,

In abelian grops every subgrep ir 00/074,(/ well @
Sinple grwp s in Seme fense opporite,

Em%a grop G is called simple if G # {1
end G hasr no normed vabbrw‘:v except G and {I]

Prop. l.\l?‘J An abelian grovp G is Simpla Wity Finite bl it i
Cor . \-\\KJ A fintte p- 9rovp G is ;‘,mpu M |G| = P,




_(Farr Boou on GRuvvpP THEGRY) @

m"orz Tocdan'y " Tradte des Sebstittins et de f,mtaﬁm/ Alye bri vy
Pub/t//\u/ /f?‘ﬂ on ‘ﬂcar, o# &} .r [Ga./u/ ﬁu.u;/

o [86&, Sch enn) proved 4he “Basy TR } eveny “;?17;/’
f?hl‘/‘: kbc/rM (?foulo iIr ,;I:QO} P""IWML "( ,Df'lmq/7 " ”L
el grewe o,
* &40, Uronechn olso proves Bosriy JA* 41\“,7

'IJ’?‘J’ Fecbenivy and S‘hc/t&/ﬁt/ prve .y
f'undm»vf'wp TA™ f Fade Abe//m Gaula_f

’l8;2 fy/uw I‘Adwt(/ 14( &VC/7 ﬁ;w'?c &/’mJ/) G
and every prima P, rf PE s laryest pomer ovidiy 6/
then G har a sabgrop of orcln P
[ we coll Hhese fy/ow P—fubdﬂtp.//

—-

e&/LH‘ P be Pflf'\-f. A Sylew p- juboruvp O‘C a fnite 6/0\/,)
is a moximod P- Jabgrp P Here moaximed

means i Q Ir a P- megrvu/p of G wifh Pc @ 4hen /7_._.@

The (Dnjvjﬁtt of a va&hv/) H=G is anefher J‘uéd/w,
of G of 4 brm aHal,

LDe’ry’ﬂw normalizer of HE G s Nduhfaag/ﬂa":@

e

The # of aanjue,outtr of H in G is [G:NG(H)],

Femma 4.36] Let P be a Sylow p-rubgrovp of -ﬁin."re&fw,;G-
(i) every wnsvsﬁi of P ir olio a g low P - subyrep of G
(LL) | Ng (2)/p] is prime to p
(i) Tf o€ G hos order Some power of P and

aPal=p, #hen a € P,




©),
771,& L/;? [fy/aw_)f Jet G be a ﬁhhzc g7 of orcle~

3%“' aej and /&f _F be #\l fy/ow P-J‘ub@/au/) 01£ @
for  Sfoma  plime P'"Q’

(2.) Every fylow p-subgrop ir wnjvgedti t P
(‘N-) If there are Cé .fy/ow P? —j“btj/077J
+hen r‘/a. it o diviter of /G//;%e,: and I; = /mael,%.

Coro. L/,}[r/ A Pate 97y G ha um'?vu. fyﬁw /’—fwl(jra¢f
For Loma prima P i PG

7},@(7,,?9/({7/,.1/ I( G ir Anite Srou') o—p occln PEM
whee P i plima and P M, then every Jylow
P-J‘ub&ruup o4 G hos ocder pe

Th™ GHl (Webndt) | TE G is finite growp of ocdin P
whane P pr:;m. and me thon G hw f"‘b@f‘“’/) of-orets, p ¢

Prop 4492] A Raide growp G odd of whose Iy low f“b@f‘“’/’f
ace narmed i the diceet product of itr [y fon s bgromt,
N— L ———

Y’ ,
thir meher G Nilpotent
(det? of mZoo/th wvild fotu
& minvte ... Maybe /w(»:r-)

i(.mm "IMRJ j nonpbelsan
Sl'm?u grove G of ocder lG' = pm whane pro:m and I’fm
and pe t (m-1)]

Prop. ‘1-"!-‘{& % non obe¢lian .r\'mpb. arwp.l o‘f ocder lejf rﬂwm 60‘
Th™ 1.121] As is a simple §rovp (1As] = 60)




GCavots THEORY +  WHY SoLVABLE & STimPLE NMATTERr @

The 3001 of Golois ﬂeory s P JSolve pa{ynam/‘wz
e’wu.fl'm.r via raclicads (lika 4ha %«.ulr»ﬁ'c 76”'!"/4-/
Tn I?R?’ Abd ,.,;,p/g.m/ Fix) 15 solvable by rediccds
o (what we (oder Formed ) Tha Gedors §vp 15 Commufrfive.
Thon in 1830 Godos showed £Ux) ninble only if i
hod o folveble Gelou 9rey (henew the feeminolegy )

Dety A normd Series of a gree G ir a

finite Sepmena of Jubprvps G = G, G,/ Gz,...,Gn
wlh 6=6,2626G, 226, ={1] and Gy Gy
for 9‘7'0/'1"/”"/- Tha é-_?f}f 9%/ of #he recies

e G"/Gu G'/G‘-/ by G""/Gn ard  ha

| en 3’(1\ of A serie s A #= of Stk inc\wmons
for fla & of noatrivid fche J/w/of/

¥(0f O’J y ov Pfe

DC){':/G s Jo/va,bb l')[ I;L hos @& no/ma/ _fer/'e/
W/\ou ot Ofw,u are Ly clic 01( prima order

014‘°/A—:0_E‘D°-f"+“'“ Feriesr 15 A normv( Jeries A—Ud’;
whoste nontrivid fube 9roups art  L1mple

A)cma(/\.’ fvppou we haow K 15 nermed Jwb@ruup an o
Q=G/)c is given then whak con we Say about G 7

Can we ce wnitruct G fom hrww{»\% W oand @G 7
@ Kx Q 15 an extfension of K 67 &

@ g3 and ZG are exttnitvnr of Z, 67 Zz
@ Zg s on exdension of Z-z bt, Zj.

et iy net an extensna of Z, oJ S, hes no
Y Sl’ ’ rgvrmul ‘ fu-oarv'?y) of ordin 2.




@
Aot man explans on p. AS? fhet A extensiin problem |
It folved 1n & ctrtun sense but Seamr f«en‘)im are

Nnot compu-h-h'onaﬂ; vaderstod, A hey resvlt fowords
:urnyz‘ng Ha strachve of WA Linite grys ways :

LCLAU/F/C&ﬂaN THEREM oF Finite SimpLe GRWPJ

({,am/ﬁu‘ccf e /7J’0.r Pfaof spans mu//-,/,/( pogery
f‘ufa//ﬁ\a famo/hmJ /I/‘-c /0 oo /Jaégo)

(/‘?63) Fe/f T/lm;em_ﬁ&,_c_,,_, (Praa/ 250 pages I 6¢/:ew,)
Ever«, finite v of odd ocde 11 sofvetble of

conedl “Cven/ nen abelian fihke Simple grovp has even ocder
In
2
1911 GVRNIIDE,/ 72@: No arou/n of order P ﬁz rr .f‘/)n/:a
whin P and 2 ace pPlimer.

7}117 A f/mplg i{ovp tr selvabln l'f&[ I+ is o.h/fan (ﬁdtpn’;"" °"{”).

DummiT AND FWTE, p- 109 give 1his
m/ There 15 a list (‘ﬂn!i!ﬁh) of 1§ (l’nﬁhffe/ﬁmzim
of §im pla Hreps and A6 Simple S0P nof 6¢/m/m),
1‘0 MCK Afn //tJ’ (#\l fIOO(b-JlC ftm/b& (9/0./,»/} JathA /7\44‘

C___G__& ‘54171 .hmph (9f0v/) i Uomg(Phu. + o uf
A arvps i Anis lut

% (Fe:;‘—-?mffm) If G is Simpla 97ovp of odd ocde
then G F ZP for Serma prn'm P.

[ The classiticohin prblem tooh o Century fo nlve | yo,

can reod mot obert Mo Holder Proyruam ¥ infecesed

7] b\/(o,ul'z MWJ\ Meert A f"Y”' b# new ﬂ\l ‘h);;oo/\é,\fj )



| G,
On QuoTienTs, PRopucTs, HomoMuRPHUMS AND Tsomeaiisms

We should reyiew fhe esren #ods and add o few deeper 1“»)16/
!P(;ig /6_3_‘ Let -f: G—H be 3/0-1: homomorphilm
(i) kerlf) < G and imff) < H

(2t) if X €& ker(£) and a € G +hen axale ke (f)
(26i) f i an injechon iff ke (£)= {1},

064'7 A svbgrep K of grep G 15 codled o normed subgrovp
if kel ad ge G imply yha' € K, We wite K4 G.
A no/mJ J‘wégna\,a tr clored vnder anjvgu‘)m Nak /«r[f/qG‘
If # < G Ahen G/ has natvrd 9rep Hrveb P,,/, /52 (22)
Vet G/ =

'Coro ll l?‘SJ €V¢ru’ normeld f“bﬂ""‘i‘ KL G ir
L m kerned of

[alk|ae G [ whee (awc)(bK) = abkj

fowe  hemomer phirm

Prpoﬁi Constevet natured YLO-A m: G — G/K
l)? 'ﬂ'(&) = Q.K. No'l-iu./

€ all € G/n Ahen TT(a)=al and
a b = ab => Tr(e)m(b) = TT(ab)

fn\w mw s J‘mriuh\}e MMOMo(phl'IM. Netiw K =16/K
Mak e U s Aha id.mﬁ{\/ elemet |n G/,

kee(M) = {ge G| W)oK =K ]

{9e6|9enS
K.




771'!(/- ?6} [ FIRsT IsomoR pH ifm ﬂq_]

If £: 66— H is Aomomwlp/njm ofﬁﬂ@f
then ke (£) 4G oand G/uec(£) = im(f),

In /)Afﬁu\/ar/ id kee(£) =ik thon P: 64 — im(f) S H
l gi'up\ 67 ?.’ al +—> f/o.) s an /ﬁ!amorp/)lf'm

Proof * 1t s known W =bker (f) Q G, Obierve, /f al = b
then o = bk for rew k€ K thas

£la) = F(bk)=F1b)£lk) = £18)

Sinca -F(h)-: 1. Cvnje,nmﬂa/ sﬂ.. all —> -f{a/ mumh)
Plart) = (o) s a well-depied map. Ntm‘, we
chech PAA ¥ us /tomormr,:ﬁd'nz

@ (oM bit) = ¢ (abk)
£ (o-b)
£() £Lb)
P laid) P (bK)
Sinu @rak) = f(a) € Im(f) we ce im (¥ € tm (£)
Lt 9 €im(F) dhn Y = £(a) = Y(ak) Mhus Y€ im(¥)
and so m (F) € () - im({/.;'\m(cp). Bt

we dehe P Gl —im (#) o 4 swechvr,

Finelly  ruppose @ (akt) = ¢ (bk) = Floj= £(b)
hen | = -F(b)"ﬂh) = -(Z(b"a) K

. b e ke () = it
and So ol =bUK and we fAnd CP ir\jech\/f.

: CP: G/k —_—> M ('H EJ 80)43 iJompr/M,




&
EDd'yfvppou HLK <G HAwn HHK= {hk/hs!—{/ /{é@ O

gf——’V\_/
In 6.(,1“, HI may not be interndd produt of 1obyrogy
a rubgrw/: even it Hond K ore J‘Ué’,rm?y (we cou/y
depra. ST He S € G, TS 6 At Sama o aéeu/

[E‘/) G =S, hue H=<z) ond K=<0,3)>
both Lubgrops of ecder two and

HK = {(U, (12), (13), (/32/‘/-#‘ 5;
Siw  [Hu| =Y and 146 =15

Nether H ner K oce normod fobgrops of ,S; above.

Pe l.?-?.‘

(5) If H K SG ond of lewit one of H K
i fnocend dhen HKZ G, morcwer/ HK = H,

lill} T beth H and K e normd Lubg rops then HU <K G

Rop L.39) (Produck Formule)

I H, K S G e firite grop G thun
| IHK|[HAK] = [H|IK| ~x

Proof Summaery f: HxK — HK 5‘.‘""‘ b'f f(h k) =hh
15 purjechon with  filbees ol Hhe riee of HOlC,
Bv{'/ the nom -cmp“y ‘Fi‘)ea of & fua chvn P o Ftion

e demain ond dws  [Hxp| [HK| ond 0 [HXH| = [H[( k|
[ Ha k|
we hove 4 degsied reult.

Remork : HU L G bet argumedt is not 'b«ﬁe/ct/ by fthez,
- ﬂ'\‘-—'l’$f¢~icf/ A (?—ﬁrmv/u-x is easily dered whin HﬂSG?




Th (140) ( 3% Tgmeighiom 3% @
It HK<G ond HaG then HK < G
and HNK < K ond K/Hnn = HK/H

Prosf: staw HA G ond Us G we hove HU S G,
We  leave normedih, of H wilhin MK ar eyercize

We tan rhow every ref XH e Hﬂ/H ar fAe fm hk H
fr fieme k€ K, WA,.’ Let x € HU AAen

X = hh for h €U and h € K. Tha, xXH=htH
hk = klk™hk) = kh’ urved coref

0'-6lufphbr\ rule,

/\-\-—\
for sime h' €HQG. 1hu, hkH =k h'H =k H.
'fi K——’HM/H Jt‘wmby f.’kf-éklr{
i Ahvr Iurjecﬁ'v.e_ Nebee £ 11 Avmomar//)/}m
fma T G—> Gfy resteictr t £ (t/aim)
b’w‘, Wee (M) = H  and hne ke (£) = HOKK < K
b /& .Z:(o v .’;)\ & =~ Hu
and by mupshium Th K/Hnu = /1

/

{4

Gau,, [ow:ﬁ/g P
K |kl
l /anl " |HaK

D L3 B U, [ B I R e,

| K| |H]|

(




Th 7(/ 24 ( THIRD ISo moRpuum THEOREM) @
If HKIG with K S H Him Hpe < 6y,

and KG/K) = G
(H/K) H

E{_oi{:: let ! G6/k — G/H be defined btg, QKI—*aH.

—
“en/ugememf of (et ”

¥ 8¢ G ad G = oK +thaw a'G€EH ~ a'f eH
and hna aH = 8 H so £ is well-defined. If bHE%
Hhen f(bK) =bH Hhvr £ ic surjective. Alco

f lakbk) = f(abk) /

= abH
=aH bH

- 4(«u)#(bul I -F komomarpthM_

No’riu, ker (£) = {ak ) fla) =a H = H}

= {al |a eH]
= "
Hme WL A6/ ona Sk = &
H/u H

i ; e
l Tsomophiem Th )

by
@ G=2Z has <3,<6> 4 Z ond <6>£K3>

fon Z/<E> = Z = 7,
{3/ <6> <35




TAJ p/ov/ and ;fdtmemf of 'M—t ﬁ//owlha ex/(,u/g‘/ @
i;omwp/M'fm 72 ) found on p- 52 of Aotman o
Advenced Medern Hoebrn , 2 &

[Pr,p_ .82 ( Correspondwa TA?)

et G be grovp, let K 4 G, and let T G —» 6/
be Ahe notvred guetiend wmap. Theen

S ) = Tk
is o bijection between Sub (G k) (Bmidy of M
svbgrveps S of G whith watrin K) and fub(G/k)
(Ahe fum"/y of oM f“ég/%p/ of G/K) Moreouer‘/
TESeEG & THhi < S/K

nowhih e o0 [S:T] =[S/ T/k]
ond Td S \’% T/K <] S/K In W"\.t_bh

cure S/ = S/k

L T/K
G
| \
S G/
\ \ |
T S/K RWWA. 7'),'!)20 00/0.?7
| \ | of Dommit £ Focet 3¢ &
K T/ K 9 ives an extended vessida

of Ahe Cotregpondenc e hith
DEF codl Mo

l
'{ '} LATTice (SemeRpMigm TH"




PRoposition |.8S) _ ) @
Let G and G be §roPs wl KIGC and K'<G 6

Then (Kx k') 4 (GxG") and
2t < (g (E)
Kxun! K k'

Prook: £: (8,97) —> (702),T197) = (9K 9°K)
dednesr a svrjechive heme mo//aé/)m wifh ker(f) = /(Xl(/
M '(4‘4 Pr opo.li‘ﬁ'bn 'FD“UNJ b-’ | &

o Mar,:ki.tm ,n"!.‘ Y

PRoPOSITIoN /. 86 |
If G is a gop with nemd Subpropr H ¢ K

with  Hal = {1] 4then G = H XK

Proof Shetch: &:G— HxK go\:m by ?{9/ = (ﬁ,ﬁ/
where ?:hh br heH und ke L. ﬂlh?
iS an isomocphism ,
Remock : need Hand K normd. Notiw S, har H= {(122))
whest [S‘, ‘-H] = |5,‘/“,“ = 6/3 =2 X HJA S; ond K =<2
where KK ﬂ.S‘; ard HoW = (1] and Hi = S; however
S; ¥ Hx K = 'Z; X Zz (M)clc'cn)

Th™(5) Schur - Zassen pavs (ricauson, p. 374 of It & Attt 4y, 3

et G be grop of order kn where JC‘///’/”/ =/, !
Assvrne K< G omd [Kl=k . Then G har rubgry
LH of ocder N ond So i gemn/oiedt product K XgH

([7/ beéo-blg g,‘VC hoMuhorA whith e)’o/are/ WM //ncm_rj
§ 8.5 of N icholrin hat nia /'h-f‘raolu.uéon




