LecTvre § ¢ Rng Homomuppuumsr And Quemenr Rinvgs @

We Continve #v Tollow Amrmit sand /5"!, f?-.?,

noﬁ'a ovr de/l.hl.}o'on o/ N JOC/ ﬂd affvme an ;d",},']yl
exirds, We have % o olol #‘3 conditron vaited (F need ébe.

Ddy Let R ond S be ringr.
(I.) A _r_gy_ /loman‘lw'p/l/.llm roa M by & : ﬁ—e:w,ﬁ

ta.)(i.) ¥larb) = ¥(e) + PlE) for M a,b ER
(ii) € (ab) = Pla) ¥ (b)) for M o, b €R,

(2.) kee? = 27 o] = {reR |¥lr)= o] is the kerned

(3) o bi\jach\m ring homo morphiim is an Ifomorphi7m

77M'J Meanr @ Nn(, homo mecphum 15 a. 3rn/o

Romemecphston fum (R +) B (S #) /& addiFiond

strvetnre due fo oaxiom (ir,) (presesve MuH‘.‘pu'cwHo..)
[\Dcfo/ ang.r R and S are iromephie if 2R— S

an  itemerphism exits, Wewrite R Z S inthl case

@ Let G = {/, 4! be +he cyclic Y of ereler & /ﬂ t=y)
and let R be a emmulihve f:'né w ifh 1?’0, We

debied RG = [a+ by [abeRr] (grop cmg)

Aam Rx R = {la,b)|abeR] detirs product_ciy via
(a,b)+ (x,v) = (a+x, b+y) & (ab)(x,v) = (ax by)

You tan verity RxR is r.’,\a with idenhty  (1,1) # (0, 0)

If ¥ RG —2 RxR a riny isomosphiim then ¥
ovght to preserve strachre, What shoud

we PICfC/\/C ,'\M). ? )




E/ conv‘/‘nue/ @

We Note (/7‘4'/(/—@'/ = /—g"' — /./= 0 4}“,, /14 C’RG
are 2t diVissrs. Whet ae fhe ey diVire in RxR7

(a,b)(X,¥) = (0,0) = (ax, b9) = (o,0)
= aX =0 and bY = 0

= (1,0) and (0,1) give
Zem dt\/i.rur.r/ there oce
many Mmore g&ncmﬂv/buf
Hhese exist,

WAt about 4 , Phe idempofet elemet, Cin we
Fnd sach (Y€ RxR St. gy =(,1)7?

(x,9)" = (X3 9% = (1,1) = x*=1 and V=
=2 X=2| a Y=£/

Wish List fr ¥:RG- RxR Skl
- af leart then rolehiny,
"P(l) = (1)) exirf, there coold be
V(i) = (1= Mece, X=y=| ir
(%) (. ) Juit dhe MMfﬂy

["’(leé): (a+bya- b)] e ehmels 1)
We ¢an chech A+l (xy) = (xz* Y)+4(_Xz-_)7

and c/eaflg ‘#('}:(I,I/ and %/ﬂ/= (1,-1). T#

rcma«'nr ‘)LD chcck %(2!-!0//:\&(2/ +¢/W/ m‘dw/
V(a+bg)(crdg)) = ¥ [ac +bd + (adbe)§) 2“'”“‘"

= (Gc +bd + od +bc)qc+bd "Otd-bc)
= ((+b)(c+d),@=b)(c-d)) = (arb,a-NlcH, ¢-d)= Yol




De#'y ket R.' Rz/.,, Rk be ra'ha.r Ahen Rasz""x R.

forms  Aha da'rcof—wodwul'-rohg whoge addiFiina and
MVH'ip(c'C‘J'\:M are  dehned com/aof\.cvf-wcu

(x+Y); = %; +9;  (x9); = %5y
fr 6‘=l,l,--/ k. When R";R‘_-':---‘: Rk we write
RxRX--xR = Rk.

N
I[ /?'o R"/“/ ﬁ are fl;‘)a.r W'ﬁ Uﬂ'-/y m” (I/ //"/ // '.I'
Ne mv /fi,)/('cu‘n}c /Jen/??y for R XK x - x Rk . Wt

(t0,.,0)(,10.,0)=(c0 ., 0)

thws €, = (1,.., 0) arnd €:=(6,/,0,.,0) are Rero dviees,
I-f a,, a,/ o qh are va/te then [0«,/ 0:.,.7 Qk) /r a Uﬂ/lf.r/nu

=l A=l - - -
(a,, s, .., o, ) (0" 0, ,.. ai') = (a9 ! azazl’,,/ 4.9.")
o =0,
- - -
and (07, 0, .. 4. ](a 4, 8)=(1,,1) ar weH.

QuesTions : do f':'\g hemomsrphirms send vnite unite
2ep - diviserr o ZTew - diVicors end L 4+ 2 7
1+ usep +hese or & %VEJJ. o fnd $P:RG —RXR
ace thow dcwnerJ principleo ?

@ f: Z; — Z; J/\/Cn ﬁy f(lx)) = [x],
is o Amchn [xT = [9]), > Y= X+ 6y
ten  [9], = [x+64], = (x), hene £ well ~dehined.
F(+M) = [x+yd,= (x)+LY), = ) + Fty
F&ky) = [xv]= (x)ly) = fw £(y)
Se £ is rn\a Nem e me eph iym, Notw
2 £ Z° gt [2), € 2 (Avmer: po)

2em dVire  maps v a vnit,



PROLOSITION Lot K and S be tthys and let L:R—> S @
be a homemarpbyjem .

(1) I'mag.c of ¥ is J‘uéniy of S
(2.) kecnel of P ir J‘Ubh'na of R and
i{f o € ker @ and re R Hhen
both rx @ kee ¥ and ocr € ker ¥

-

Proof : (L) suppore  P(8), P(b) € image (¥) = P(R) +hen
a,be R and htnw a-b, ab e R with
Pla=-b) = P(a)-%lb) € im(P)
¢ (ab) = P(a) € € im (¥
thas im (@) ir fubring of S

(2.) Suppose X, 9 € keep then Plx) = (y) = O,
Taw P (x-y)=9¢wx -4(Y) =0-0=0 and
W (xY) = @x)P(Y) =0-0=0 5 X-YXVehey
and  we  fad  Kec ¥ ir Jubring of R,
If X€ehe® and r € R then cbrere Plx)= 0
and & (re) = @lr)L(%x) =0 oand P(Xr)=00)¥r)= 0
fow X, X € keef,,

Remach : ker ¥ is an
tdead of R 1 we

hRnvw CP e R— S ir
o home maphiim of r.'%:_




?Be/fyl,gf R be a rﬂ'\a and let T € R and r‘éR/ \[@
Iy

()rIzdra]aéI] and Ir ={ar|a e

(3} A Subring TSR s coalled
() o lett-idesd if cTST fe ollreR
(i) o Cight-ideed i IrsT hc oll reR

(3) A subtiny T SR which ir both o left jded
and iy At jdecd ir called an (dedd of R,

7

In a Commvtalive r‘fng lefd & r‘,f/\f ydecl; ore 'h?‘erc/laf)}eo.éa,
Therefoce, an example which dirlyvirher letf vi 19 At mut
(nvelve o Nen cmmufhve l‘/'/)é .

[E3) Let R= Z" and hem I, ={Ae€ 2" [ecd,ii)z0f
and J-, = {Aé ZﬁM/NW, (A) = 0] Ahen notiw

MAIA]TA] = [MA, | MA | | MA)

8, [ 8, M
?t ]M—- B, A

) e
" Lenm

these v les of mateix mv/f.,'://a.ﬁ;,. Show ]; ¢ J: e
cloted under mv /fr)//'csﬁin and thwe I, § T, oce
Subrings sinu s clenr I, 9T, oce clored wder nbbachii

M [o]M]=]8a) = [0l M [-IMA) € T, (RL<T,)
E=l [ﬁvv:]em (JR<7)

IR AN ‘

8, e, M
Thus I, is & left ideal and T, is & Cight idecd
but we tan fee T, is nvt & rl'eH' tdewl nor T, o lett ided .



PRoposriTions @
IF A ir a h'n; ond I 15 an /'a/eé/ﬂ(/? %m

A?/I ={a+I/46R]l'-r 4 ring w,r £,

(r+T)+(s+1)=(r+s)* 1T
(r+1)(s+T)=()+ T

fr oM s €R, Gavecre ly, of T s ony J‘uécgru.,/;
fveh thet fhese gpero-/?'mr ace well—desned fhen 7 i rded

PCF'/ Given R oi ru'h;j tfvm\ tdead T we .ro:;“R/r
%l\lef\. n\l OPC(mW\J fn ﬂn\‘, odove POP s /
the %uoh'brd’ rff%__pf R b;q I'

?/ (Fll?ff' Tseme R Piiim A2 for /Vw

If ¥ :R— S Is o hom om",o/p:/m of r,,',(,_f/ 1A en
hee @ is oan idedd of R and M fMué.._ of ¢ s
& J‘ubn'na of S and R/hcr? = Q(R) ar r‘frxés,

Proof : we alceady establizhed im(P] & robring of S ano/
“hker ? an rded of R in ove eacliur Bup. on py. (&

It remain % rhow R/kcr‘/ = YAl (?u-f/ we kaow
R/k"? =T @(R) as abelian grevps Via

P (a+ke®) = P(a)
Aot ol dhek cemnine s to chech preserves pradud'/

P (@ +her?t)(brhertt))= & (ob +her ¢

= ¢ (ab)

()¢ 1b)

_ = @ (avhud) € (bther )

(YR & RA“(‘('-) im (%) s b!;j\th\Ve fl\\a "\OMumgfphvm_

ond Hur Ryre = fm(‘f/.//



{727 If I isany ided of B then Tir)=r+r @
depaes Tt R—R/I a surjechie ﬁh) hem o rphism
with lee (M) = T, Fwﬂeﬂmﬂ/ every (et

ir #4 Hend of a riny Aamvmw//ﬂf/m.

-

M: Let4 T(r)=r+T fe T an ided o;"ﬂur,)\a R,
Then T (a+b) = a#b+I = (0+Z+b+1) = 7 (a) o 71y
ond T (ab) =ab+T =(@+I)(b+I) = T(a) (), Mot
T=0+T ir 2ero of R/r rine (X*[j-/-[w[/:x,‘z-
fr oM x T thw kec T ={r eR [ wie) = I=r+f
={reR|rer]
=T
Examples of Tdeals

(1) R & riny hos R and {0f as (dens.
We coll {D/ﬁu frivie _lj_eg( whecew  any
ideld T # A is colled & poper idend.

(2') every ideed of Z has #He bt N 2 for
Ssrma N € 2. We debhe 2, = ZAZ

- -]
(3) R= Z[x] 4hen consider I= {"Z_'{GAX" € ¢ [x] }
thn Fx)e T = fix)=ax+axt-+ax’

fo)+T =9+ = fx-Ix)e I
Mmw FX)+T =9x)+I £x) § 914 Anve rome ansfant

Zz C)O/I . Z /_‘7 +tim,



(3.) wnahnved, [et Pe Z/[x)] — Z @
be defined by Pl fn) = £(c) or i you
preﬁer ¢ (a, ta Xt tg X" = q, LA 4
i a m? /uunomoM/)/n where hkee ¥ Lr
simply 5 Lot of mparnd polyrumrels

Shw ¥ ir sucjechve, ZD‘% = £

() T = { 4y X% 4 0ux"[ 8a, -, 0 € Z ;1 eN#nze]

‘s on idedd of Z [(x] and
0,49, + QX4 b8 X"+ T = b +hxe hhe b5 T
= a, +9 X = bo+b X

Heee of ax)+ J = [alx)] then we Aave
Hot [0t QX+GX 44 Gax") = [ t4X]
Nohiw x‘+T = T and (X +.7)(x+j'}=x‘+j'=j
M X +T ir 2eo divisor in 2 (%) .

ﬁm‘\,é . &P Z[XJ —> Z 8l\ler\ bv Cf(f(x)/ = -f”(x}
nstvcedly hae her P =T s fx) =0
(mplies 28, + 683X bt hl-)@ X"z 0 = only 4,4, #o
possib s H9 = o +4Xtt4.x" € he P,




THE EvALvATION HemomoRPH ISM @

qDe»{ngf X be o set and A & rihy Hen (£
R=F(X A Hhen Ar any C € X we defng
evalvahon of € by eved, (f) = F(Ce)
i :( £ yov prefr  Ec (£) = £(c)

Zp,og“,‘/,;,,, . the evalvenhon map /1 a Aomomvrﬁ/)/)/n,

Proof : ket X be set conf'w'm'!» C ond let A e o riny
S’uppof—t 'F, 9 € ‘j (X, A 44\0./\
evad (£+9) = ¢ +9)Ce)
= £(c) +9(c)
= eved, (£) + eval, (3)

and evel, (£9) = 9)co = £1e)90c) = ewd (Fewd, (9)

Y For X & set, A arting sad R=3F(X,4)
the map evad.! R —>A s surjechve cinyy hero,

and R/kcr(evd‘) =A froay Cce X
P(Do#'t we lve OJ(!-NJ.»? Shown C_\/c.jc: ?(X/Aj — A

is & Fing homo mvephiim. ket a € A 4hen debire

fix) =a he M xe X tHun eved, (£) =a #Hw

evel, 15 onb and L [y B2 4, C10ys yrelns

Ay

i

11

R/h‘f (CVdc )

'f_‘_’ﬁ'_"_A.’ Examples (5), (5//(?} vn p. 24Y-241 oF DIF ave
help 4. I olresdy tovihed on &) eoctrer. I'm f/”;””;l}’

oheed to Prirh tha srechon wilt Th ) and Ha defiaikion
b I+7 s LT ... D



Th?/ Let R be a ring. @
ol ’l(/./ Let A be a fubnhg, and B an rded of A

‘a”’" w  Then A+ B ={arb[ae A be 8] s rvbrigg of A
'Iﬁ%fw? and An B isr an (decd of A and _/_]_é«_g = _A

//,Ag} AnB

J (2.} let I and T be /dc;-b’ o,c R Wlﬂ IE J_,
9,/\}/ a Then T/T IS an ideed of R/r and R/I =

o R/1 = B
Th /I J
(3.) Let T be an ided of R. The corcespondeny A< Asr
rﬁ ir an inclvsron ,a/ejcrwh; b()‘e chon petween AFAe
Lo

’h‘l“ Ie‘)L Ot[ fubfl})af of A of R et anfria 1
3:,., L and the set of Sfubrings of RS . For Hermore
fr A [A J‘Ué/l;ﬂ; C“’\/“l;'chd I/ roan l.(/(e-/ of A 1'# Iﬁ ir ia:cJK

I

(EY) R=2, I=i2z thn R=Ki= iz
hes ideds 3Zj,2 324, 12/ 62, , and

‘22/{22 = 0 o)((g‘(pg,\d;f\g' +D az/ 32’ HZ/ 62/ 'ZZ rejpechia&,

Det7 Let 1,J be ideode of R Ahwn
(I.) T+J =4{xtyY|xeI, yeT | 4he sum of T¢T,
() IT = { 2ab [a:el bieT heneny

ir 4he p(:o(uof‘ ot I and T, te Pemed Hom
o,ﬂ Hnete Surmy 0/ ,O/odu.cﬁ A’JM ,z'ff_

(3.) I” is ret of ol fite rome of products formed
| from 0N - elements falun ﬁ‘um Z.

U’h'y I+ J—/ IT, T7 4 above are (deads. of R.




@ ijlgoZZ }(deaﬁ: in Z

I+7 = { 64 + 10k | 4,1(62]
={2(3{,+Sl<) I/a',keZ}
22 fina QCJ(«?,.(/ =/ wehnon

Ja,be 2 rt 2ar5b6 =y
and thus 34¢ Sk Faher value X

s Pax £Sbx = X he aryxe2
(a =2, b=-| for n'n!"‘hncl.}

IT = 602 sroew sem of (6‘4/(/04/': Jov'/t

E] ¢:2(x)— 24z by “(fw)= [f],
3'\'“ hememecphiinm with her ¢ = T , ta ided of
i pulo, nmicls 1a Z[x] wih even CGartant 4eim,
Then 2, x € T and thu 4=2-2 ad X*=Xx-X

are  In Iz as x*+4e IT. Observe

X244 # PW)Gx) for fume P(x) 9x) € I

(ﬁw‘; rhows wA7 Fhe praduof rdecd formed
b., /mear combirhohens of p/,i[u;ﬁ
cannet be sama or Ahe ref /ab/ae_z-’bé]-/[/
N\ —— -
net 7.
M!ﬂ«%.




