|MaTH 332: EUCLIDEAN SPACE AND ELEMENTARY ANALYSIS PROBLEM SET I |

Don’t even think about working these problems out on this page alone. The solutions should
. be written neatly on lined or unlined paper with the work clearly labeled. Do not omit scratch work.
I need to see all steps. Thanks and enjoy. Notice that the A B,C labels refer to the system described

in the syllabus. I expect everyone to do the type-A problems however you may pick and choose from
the type-B or C problems. This is due 2-11-2010 at start of lecture.

Problem Al [35pts] Let v =< 1,2,3 > and w =< c, 4,5 > where ¢ € IR,
1. calculate v +w = <l,2,3>+ <<, 4, S
K<+t , 6, 8>}

2. calculatev-w = C 4+ ¥ + 1§

= |C+ 'aEA-l

3. find |[v|] and ||w]|
Wil = ~Twira = WL = vl ]
4. what choice of ¢ makes v orthogonal to w

VeW = C4+2%3 = O =5 [C-m -‘a'éﬁ
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5. what value of ¢ makes the angle between v and w equal to &
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" Problem A2 [35pts] Supply the implied domains and codomains for mappings with the formulas given
below. Also, for (5),(6) and (7) find their formula.

1. G{z,y,2z) =(z*, VT -y,
(#:5,2) (\.,,-_.(-«3—) o dam(é) I(.;
raed XK-Y =0 - -
o 20 dom (@) - J;(x,yfg_) t X 29 and 'f“#'ef

2. L(z,y) = (z+y,z—y)

dom(L) =R s LR —=R"

3. f(z,y,2) = (z,2)

dﬁew (£) = F}Z”? it 'F é?'?—"""“ E

T T b A ARy S

4. T(z,y,z2)=(z+y,z—y,z)

| ? ]
don T =R wd T:R—><

5 G+T
dom (6 +7T) = dom(s) |
From pat 1. Glxe) = (X+‘ﬁ+>< Z-ytdxog Xt -‘—-)

6. fo&+ L where £(z,y) = (z,y,0) <‘FU€H’): ﬂ?a-"”"—a ”Zz,
(FoM.. (Mv» L8 () + L1%y) '

(%%, &) + L {xy
= (x,0) + (x+9,x-%) = ('axwa x~4) =(. £ +L)éon

7. Lo f

(L ovf)(w,z) = L (fl%2)
= s, 2
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Problem A3 [35pts] State which mappings in the previous problem are linear. Then prove their
linearity by find a matrix which induces the mapping; that is find a matrix A such that F(z) = Az
for the mapping F.

0 L= [ {fs)= [y

-~ ]y X -y

’ k4
et @'f L’ /%? "'-’A@E
5ooa xR Trntei

’frf?"z'} F j [].._(xg)
\..__-—Wi-

Wodrix of TE ﬂ?“"’-"j?

i o 9X Z amabox,

O Tene - [t 23 [] = beer, 2y, %)
e a2
\-"“""“"V"'"‘"’“"“ X

Jrreteex mﬁ T e fe M/f”
5 a Ixy mﬂ”ff#}{

@(’F"%"\LL)(}S»V)': (Qx*“ﬁ,x»?)m[a 5][97

b
/s %’(x,y}:(x,y,a) m@fm,{ of fﬁg'*'é’; /1?""9//?
:[éﬂ[;f} 15 a4 QXD madeix,
2 :*J[gfj-f- (V=10 o[l =3 2]

[FIfe)+«[L] = [F§+L]

Nica,,

© (Laf)(x(y,a): D % 1]

= [K FE] =2, x-2).
- |

X~z

o
/}?:,Q Ea‘é‘é her ﬁ?%ﬁf’;’gg £ lre e ,{kgmwﬁ



Problem A4 [45pts| An unusual coordinate system on R? is given by the formulas below:

& = r cosh(¢) y = rsinh(¢) : —?
Geps.

Invert these equations to find r = r(z,y) and ¢ = ¢(z,y). Describe some subset of R? for which
the mapping ®(r, ¢) = (r cosh(e), rsinh(¢)). Graph the coordinate curves ¢ = ¢; and 7 = ¢, for
a few values of ¢, ¢;. Is this an orthogonal coordinate system? Is it curvelinear or rectilinear?

Recl cosh¢ = _}2(9434_@“4’) cvindd sénk@z—‘i(e‘b#g‘f”) Lrom
| which i+ follaws cosh®¢ - sinh®¢ = 1. We observe !
z _ y? = r2cosh?d —'_T‘z"fth_hatiD ' |

Thus we Rad = W wounﬁwed' x:= 9t = 0.
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Problem A5 [35pts] Level curves can be understood in terms of inverse images. Describe the curves
or surfaces given by the inverse images below: if it’s not much trouble then illustrate your answer
with a simple hand-drawn graph (or use Mathematica if you prefer). Assume that a,b,c,d € R.

L. let F(z,y,2) =a®+y* + 2° what is F~'({R}) for R > 0. What is F~}({0})?
R s S =
* SFhem of cod {ng _ —\] R Centered 0’6 (0,0 0)

P\:ﬂ({a‘}) is the set of 501 h XWEZ=0 . a.k.a. {(0,0,0)f

2. let G(,y, 2) = az + bl + cz + d what is G-({0})? A ret S
RS
. bl 3 %g‘
(X’ ‘f! '-E) < G ('{ @}) -:-Tb A 4 b\g‘.? C%:,juw:‘w:@ e, L_'! ey
P‘t erg W P(L

nocm yecA—ur La, b, C>.

3. let H(z,y) = z* — y what is H71({b}) for b € R?
oyyeH'({6]) = x=4=b = Y=>x-b

X parubuﬁu‘ WM"L
* ek (o, ~b)
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Problem A6 [35pts] Give parametrizations of the curves, surfaces and volume described in the pre-
ceding problem. In each case clearly describe the domain of the mapping which defines the
parametrization. Remember that X : I/ — R" gives a parametrization of S C R” if X is a mostly
one-one mapping such that X(U) = S.

1.) X (¢ o) = &R cor @sin® SR 5in 85t @, R @S> #r 0s@=ar, Os?::ig:ﬁg P
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Problem A7 [70pts| Examples of finding inverse or implicit mappings. I hope these help illustrate
the inverse and implicit mapping theorems which we will study later in the course. The tools you
need to solve these are precalculus and an understanding of the definitions in Chapter 3.

1. suppose f(z) = (z — 2)? for all z € R. Find a local inverse for f relative to some subset of
dom(f). Graph the local inverse and the function.

LE‘{' %: Ea,gj—w%* EE’; \:-& J&{“\A@J ‘J.,a %—(X)‘:’: (xma)a
Noe () =&-9)" =4 = X =3+7F  Hhus,

R A RS mu
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3
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4
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2. Suppose F : R? — R? is defined by F(z,vy,z) = (=, 2y?) for all (z,y,2) € R3. Find a local
inverse for F' the given mapping. State the domain U for which F|y; is invertible.

Vaed +v refricd F & VS rucd Hed Fl, v /-l Thi
means we need um’?fw sul® & F(%v ) = Flab,c) fHCa.n/;'z‘o}

e” = @ and B4tz CbT o X=a, Y=b, B=c,
I he $=b=1. Let U= Rx{}=xR

Fl, (vv2 = Fl labe) = e¥=e%, 4P =cb?® with B=b=g
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3. Given that z? +y% + 22 = 1 find y = f(=z, 2) for some function I State the dom( f)
Solue Loe “%zﬂ { - Xw"“"' %’3 = % = ok \! i“’:":a”’” ...%a,
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4. Given that 2° +y + z =1 find z = f(y, z) for some function f. State the dom(f).

= l-%-%F = x==xJl-u-3%
Lt F(9,3) = N 1-%-3 wih dom £ = {(0,2)]1-4- g::-Q}

w‘-&l@" oo o

E‘I&,t"’c\,,

3= 1

e ety

5. Suppose F(z,y,z) = (z* +v*,y + 2). If F(z,y,2) = (1,4) then find z = g(z) and state
dom(g).

KE e y® o= 1 4
I3 Y = Y= Y4-2 = x4 (4-8)* =

1]

’ﬂu o.l%e,bi--;w wnow; ot leogd e Q;'LKGI"Q-&.J':}‘#
x = 2 1=(4-2)"%

Let  dom() = {3sR)| \—(“f-zfaﬂ and  defre
[9(3) = JT-(4-2]" |

Nobie oo (9) = [3 5] ‘

6. Suppose F(z,y,z) = (z? + y%,y + 2). If F(z,y,2) = (1,4) then find x = g(y) and state
dom(g).
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Mhm:}l d evia {)Gﬁ') s ["ﬂ*l[{j ;

3 R b Al TN T T LT L s ST T it a4 ST




Problem A8 [35pts| It is at times useful to realize:

1. dot-product is a continuous mapping

2. cross-product is a continuous mapping.

Prove these assertions by utilizing the theorems in my notes. In other words, you can argue in the
style of examples 3.2.20, 3.2.21, 3.2.22. You may find my ¢;;; notation useful for this problem.
(if you want to try an epsilon-delta argument feel free, but I don’t recommend it upon further

thought)
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Problem A9 [45pts| Hint, choose § = 1 for the first part.

1. Give an epsilon-delta argument to prove contant mappings are continuous.
2. Give an epsilon-delta argument to prove f(z) = /7 is continuous for £ > 0

3. Given g(z) is continuous at ¢ and g(z) > 0 prove h{z) = 1/g(z) is continuous.

For part (3.) you could just prove that f(z) = /7 is continuous on [0, 0o) then use the theorem
from Edwards about the composite of continuous functions.

Tb €20 choose §= 1. Let xe U ad noke Hr xeU
\F-c | =lc-¢c] =0<c €. Tha o<ix~-x,|< §

= |Fix)-cle & ‘. J i B %) = <o
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Problem A10 [50pts] Suppose f: R — R is continuous at a € R and f(a) # 0.

LY
1. Gi ilon-delt ts that h = 1/ is conti " o[ leth
. Give an epsilon-delta arguments that h = is contimious at a. -
) P &t . ‘é‘ @ endin
2. Give an epsilon-delta argument that g = f? is continuous at a.
3. Use a result from the notes about the product function to prove that g = f2 is continuous
at a.
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Problem B1 [100pts] orthogonal transformations. A line £ with direction v is defined to be the
set L= {tv+b|t€R,} where v,b € R* and v # 0. A line segment £,, from p € R" to

g € R™ is defined to be the set £,, = {p+1t(¢g—p) |t €[0,1],}.
1. show that if L : R® — R™ is a linear transformation such that L{v) 3 0 then L(£) is a line

in R™.

L (L)= fLo ] ve £}
= [ Altveb) | £eR]  where A v mobrix of ||

= { £ Av -+ Ab l *Elﬁ}

— {)5{7 +§}766/.72f Cwhae Av =V g cihce
Levi=ry &£ o

ﬁr}&.él} Aote Av=v e ﬁ,m
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2. show that if L : R® — R™ is a linear transformation such that L{p — ¢) # 0 then L(L,,) is
a line segment from L(p) to L(g) in R™.
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3. Suppose L : R?* —+ R? is an injective linear transformation.Show that if P C R3 is a
paralellogram then L(P) is a paralellogram and

Area(L(P)) = |det(A)|Afea(P).

Hint: the area of a paralellogram is given by |v x w| where v,w are vectors corresponding to
the sides of P. tforepver-det{A}=", £, 4s: s, Twio propertics of the cross product are
= art-gse-fer=clg-xar)--Repeated-application-of-those.properties

Justifiesthe-calculation-below:
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Moreover, e; X & = D EijkCr. ATTOfthis-setdthis-toma-2-%-2~problem~if-you-are-not-com=
fortable-with-the-e-notation-you-could-just-work-it-out-algebraically-in-terms-of-an-arbitrary
a_b
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4. The volume of n-dimensional paralellogram can be defined in terms of the determinant. If the
n-paralellogram is placed with a corner at the origin such that it has vectors vy, va,...,vn
pointing along the sides then vol(P) = |det[vi|vs|---|vg]|. Show that if L : R* — R"
is an injective linear transformation with standard matrix A then wol(L{P)) =

|det(A)|vol(P).

Notice that in the case of a box B with sides le;, wesy, heg we can easily recover the handy-dandy
formula vol(B) = det(le, [wes|hes) = lwhdet{e,|es|es) = lwhdet(]) = lwh.
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Problem B2 [100pts] Prove the closed case of Theorem 3.3.1, Prove that B;(0) C R™ is homeomorphic
to R"
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