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2.5. TRANSFORMATIONS AND MAPPINGS W

2.5 {transformations and mappings

The examples given in this section are by no means comprehensive. Mostly this section is just for
fun. Notice that most of the transformations are given by functions with the exception of the square
root transformation. The transformation z = w = 22 is called & multiply-valued function.
We could say it is a 1 to 2 function, technically this means it is not a function in the strict sense
of the term common to modern mathematics. We ought to say it is a relation. However, it is
customary to refer to such relations as multiply-valued functions. We begin with a few simple
transformations: in each case we picture the domain and range as separate complex planes. The
domain is called the z-plane whereas the range is in the w-plane.

2.5.1 +{ranslations

=L Example 2.5.1. .. Let £f(2)= Z+ =Z.. —ﬂ\e,m o § < CCE
welll fnd £(S)=2,+ S = C.
v
£
ST
% ~

639 2.5.2 rotations .
~ , Example 2.5.2. .. Let {(2) = EIBE . Noebke b Aair s

Seme o5 £ (x+i4) = (r.ns © +isin®)(X+1%) = tos O% - 5hBY + i(sinOX+ tar 99 )

= 0 = {8 “geal

XA roahen Viatris.

Y A




CHAPTER 2. TOPOLOGY AND MAPPINGS

& .5.3 magnifications

{ Example 2.5.3. .. Let £ ()= CZ Hr soma ceR.

“u

(C}l mmoahi'FIES whecess C<] sheinks ﬁkmpes)

2.5.4 linear mappings

@Example 264... f(@)Y=mZ+b s ﬂ-C\'LM-U m‘F‘FI’M mo-rpﬂ\?r
( since 'ﬁ:éﬁﬂ -~ b #0 ogmecally spealting . Mvw, me ' cn
[ be  wieitln in polac Lrm o m= cetf Mo

t
.F(g) — Qe,@_zf + b Te(B)= 2+b = *ranclahon

trb )(E) {:"M CE)FCE e m"-a““)c\(kA'}Uﬂ

.E/ RE () —'E!G‘E 'f'l'h.rhan,
For E.wumpLa} -QCE)-:: Qe G"f' 1

W
=

W

( K C - —— ——— i— - i S ———

TE Imi=1 then F(2)=ma+b giver cigid mmetion on plane .
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2.5.5 the w = z*> mapping
Example 2.5.5. . .

W= 2* = (X +i'—3')z =
This u:giuc;

el sz-'-éz-i-aih‘:‘g = lEiy = £le)

w= x*~9" and V= 3xy .

O x=Xo mops 4 U= X =YE and V= KT
Hene %= Wix, = U=x'- Wiy

sia\_ewmas pmm&ala..
epens leftwerd has
V-nterapt U= X7,

i PR
® %=t meps T U4

and V= ‘a?{"sn
2 z

H-ﬂﬂtﬂ. Fair %%n => u‘ = V/"I'Q: = "9. 51'013““"95' Phra—hﬂLh

e e ——————— e =

epens i uJ"'-rd,- hws
0f cewree X=0 omd V=0 ore spedd coser ﬂ v-inl—trﬁﬂlﬁ W= — "é:-
1 % h Locce, _(_'.‘ =
CJ: ; ‘ Yo i
A
1_3{5 il R \
% o1 1 x Her | T {7
B N T | S, P
& o
® B 1® '

2.5.6 the w = 2!/2 mapping

f®) =) & G =£6).
Example 2.5.6. . .
@]W=-ﬁ"= = {z.eC| % = %}

F(2) = f(re®) = {2, eC|ne® =2, 6 =rei®)
= {r,e{‘a’ =T

, 30, = © + 2k ,he 2§
- [T eS| 6, = 0 £ Tk k< Z]

{Wef%, JFe"_(?w)} i
- _{Felafz 3"-4—7:'8"4}

]

—— e e

: - &
Tha S quare oot poppihg  Fakes Zere'® s beth ‘\IFE‘Q/L sl -{re /3‘
T

AV




K

@

CHAPTER 2. TOPOLOGY AND MAPPINGS

2.5.7 reciprocal mapping 5

' W= Tz, ut

Example 2.5.7. . . — ‘ : Y
Le+t Hq),._l__izgf_t"_“izuﬂv/ﬁ -

e - XK*ey® V = e

&

'ﬂ\u\s for CF 0 and

7

Example 2.5.8. . .

2E
fef @ = il_r'Im@ .

£ (re) = +

Pu\mr (eo rdinctes NI @ \‘\E.FQJ
aingl v-;:'SI-f\.@/r_ Wwe  (nn

Thic means W= Ces84
e lim Tnudi o wfe much wble 5 \VLL = —+un(@®
tes © #F 0 we hawve y:—'hl-!\B{L

14
‘94\ A
- £
1 —>
fx e

|

~AS

tas@= 0
on Y=o’

2.5.8 exponential mapping

Vo= e 5hY and U= e%coy Y

«
e:xc,psua +1e SinY
= '\E’ = SIS s g

W! kh\.rc

'ﬂmgl V:G—nn‘ﬁ-)b{ Br sY#F0, Lt W= e,E ; note

thao  (wl= |e?|= |e” e = eX Hhw (W| # 0 wheres
a.vwl wzao

-0 ex<o wups Yo o< lwlce® =1

Mmeps o | £ |wl € b0,

e Tf S = { (v | xelR ol 9, €4 <€Y,+aT} them F£(§)= C -0},
| with rcspe.a'/" 4 o Q- width harizontard strip,

¢ The e,xpmmﬁ':uﬂ ir 1=
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2.6 branch cuts

The inverse mappings of w = z" and w = € are w = z}/" or w = log(z). Technically these are
not, functions since the mappings w = z™ and w = e* are not injective. If we cut down the domain
of w = z" or w = €” then we can gain injectivity. The process of selecting just one of the many
values of a multiply-valued function is called a branch cut. If a particular point is commen to all
the branch cuts for a particular mapping then the point is called a branch point. I don't attempt
a general definition here. We'll see how the branch cuts work for the root and logarithm in this
section.

2.6.1 the principal root functions

l/ 1 &4 +EE Q.*. 5\11'['11-]]
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2.6.2 logarithms :
X : ’
We dekned e® = XM, e cos (9) + ’-EEKSM(’Q‘) ¥z e O

Mot e ez+anim = e fir ol me Z _ﬂ\él;f-r&m‘,
L f(2) = % Hiea we mec cheate  dom (£) ar
o Recimnhd Sherp with widdh 20 i e wesd
£ o be inéu.ﬁv{, '

'ﬂu. fnverge funchions for Pn-r'h'c.w,.u.r' rc.rf‘n'c-hm_r aﬁf
..H-\.L = t—-——BrEE -F\an.rf\”nn /e C.MUU.J ﬂ-ﬂgrb\i'mmx.
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fog (=) = -{WE CE] e"=%, 2 #o]
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5 RO% (reiﬁ); {pn(r)_,_i(e-l-ank) [ I'CEEJ f";.‘c:':_}
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e s
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3.3. COMPLEX DIFFERENTIABILITY AND THE CAUCHY RIEMANN EQUATIONS }E{H

3.3.2 Cauchy Riemann equations in polar coordinates

If we use polar coordinates to rewrite f as follows:
H=(r,8),y(r, 6)) = u(z(r, 6),y(r, 0)) + iv(z(r, 6), y(r, 0))

we use shorthands F(r,0) = f(z(r,0),y(r,0)) and U(r,0) = u(z(r,8),y(r,0)) and V(r,0) =
v(z(r,0),y(r,d)). We derive the CR-equations in polar coordinates via the chain rule from multi-
variate calculus,

Ur = Zrug + Yruy = cos(f)ug + sin(8)uy, and Up = zouy + youy = —r sin(f)u, + r cos(B)u,

Likewise,

Ve = &:Us + yrvy = cos()vr + sin(0)v, and Vi = zpus + ypvy = —rsin(f)v, + 7 cos(f)u,

We can write these in matrix notation as follows:
Up | _ | cos(8) sin(#) (e d Vi | _ [ cos(6) sin(8) Vg
Up | | —rsin(8) rcos() Uy - Vo | | —rsin(@) rcos(6) Uy

cos(f)  sin(f) r . [rcos(a) — sin(f)

Multiply these by the inverse matrix: [ —rsin(8) rcas(d) = |l @) cos(6)

] to find

;o

[ Uy ] o1 [ rcos(d) —sin(8) ] [ U, ] = [ cos(0)U, — L sin(6)Up }

uy, |~ r | rsin(f) cos(8) U sin(@)Uy. + + cos(8)Up

A similar caleulation holds for V. To summarize:

Uz = cos(0)Ur — 2sin(8)Up| | v = cos(0)V; — Lsin(8)Vy

uy = sin(0)Ur + - cos(8)Up | |vy =sin(8)V; + L cos(f)Vp

Another way to derive these would be to just apply the chain-rule directly to u.,

_Ou_0rdu  960u
Y= =5z 8z0r @ 0x00

where r = /22 + 3? and 0 = tan™(y/z). Ileave it to the reader to show you get the same formulas
__from._that approach, The CR-equation u, = v, yields:

(A.) cos(8)U, — Lsin(8)Up = sin(8)V; + * cos(8)Vp
Likewise the CR-equation u, = —v; yields:

(B.) sin(6)U, + % cos(f)Us = — cos(8)V; + Lsin(0)Vp
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Multiply (A.) by rsin(#) and (B.) by rcos(f) and subtract (A.) from (B.):

Ug=-rV; .
Likewise multiply (A.) by 7 cos(@) and (B.) by rsin(#) and add (A.) and (B.):
U=V,

Finally, recall that z = re®® = r(cos(#) + isin(f)) hence
fi(2) = uz +dv;
= (cos(8)U, — 1 sin(8)Up) + i(cos(8)V; — L 5in(6)Vp)
= (cos(8)U; + sin(8)V;.) + i(cos() V. — sin(6)U,)
= (cos(@) — isin(0))U; + i(cos(#) — isin(f))V,
= e_m(Ur +iVr)

Theorem 3.3.11.

If f(re'®) = U(r,08) + iV (r,0) is a complex function written in polar coordinates 7,0 then
the Cauchy Riemann equations are written Uy = —V, and U, = Vp. If f'(z,) exists then
the CR-equations in polar coordinates hold. Likewise, if the CR-equations hold in polar
coordinates and all the polar component functions and their partial derivatives with respect
to r, f are continuous on an open disk about z, then f’(2,) exists and f/(z) = e~"(U, +iV;).

19 9 |
Example 3.3.12. . . ‘ %'—: =€ '% (nech!)
FOrdS) = s < vurs i

Ulre) = res® & V(g =rsing

Ug = =riin @ 2 Ve =Tl O Vg = - Ve = =righ®-

Ve = (o106 ¢ Ve = she rU. =Vg = rear @,

df _ -EB( i Y s Ahir
e e cos O + LS’HB) = e = 1. Surpricing ~

=] 2
_l.-_._.e_ efiadic _‘_' CDSQ e __L- Sﬁ\e e e e
fel® T e 0 R
vV LV

Yo con check Hhoh Vg ==-r Ve and r'U. =

: -18
df _ e"e(-—ﬂ 1 g:_f) e (r cos © +?-5Iﬂ5)

1

= e';a (cns(ﬁ - 1sh© ) )

s e-f -0 A
- e rt

= =\ ( e Aatr )
e mﬁ Swep rm\«-a



