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12 Chapter 1. Fiber Bundles

Definition 1.5 A fiber bundle 7 : E — M 1s called a vector bundle iff

- 1. the fiber of the bundle is a vector space V,

2. there is a family of local trivializing mappings Yy : 7~ 1(U) — U x
V,U € U such that if Uy, Us € U and Uy N Uy # O, then for each
m € Uy NUs the mapping from V to V defined by

T m/(?PUz ('ébr}ll(m’ a:)))

18 a vector space isomorphism.

Observe that in this case there exist well-defined continuous operations + and
- on each fiber =(m), m € M. These operations are defined by

v+w = Y5t (m, v (Yu©)) + v (Yu(w)))
cw = Yyt (m,c- vy (Wu))).

Exercise 1.2 Show that TM,T*M, A*M are vector bundles.

3:(a) Show that T*M is a vector bundle. This involves the

mappings explicitly, and show that the local trivializing mappings have the
correct linearity properties.

(b) Assume the existence of a metric on M. Recall that a metric has the
property that if v € T,M, then the mapping v — ¥ is injective where 0 €
Ty M is defined by 9(z) = g,(z,v). Show that T'M is isomorphic to T*M as
a vector bundle. The definition of vector bundle isomorphism is given below.

Definition 1.6 Two vector bundles (Ey, My, m) and (Ex, M,, Te) are vector
bundle isomorphic iff there ezists a fiber bundle isomorphism (®, @) from m
to o such that for each m € M the restriction of ® to my*(m) is a vector
space isomorphism from w7t (m) onto w5 (p(m)). :

ps": exhibit the charts of T*M explicitly, the local trivializing <

\
o
N Gl

Yo



14 Chapter 1. Fiber Bundles

isé\IA If : B — M is a fiber bundle and p € F then there is an

adapted coordinate system at p.

Note that if u € E and w € T, F such that d,7m(w) = 0 then
N
~ o 0
w= Y w :
gl <8y“ w>

N 0
+ > wt
w) a=1 <8ya

> . But dyz*(w) =

L 0
Indeed, i 1, w= Ll [
ndeed, in general, w ;w < oy

dz#* (dym(w)) = 0 and also

w

)+

0

w>+za:wa<8y“

[ 0
dyzt(w) = dz* <zy:w <8m"

Thus w* =0 for 1 < p <n and

as asserted. -

Definition 1.8 If v : E — M 1is a fiber bundle then a tangent vector w €
T.E at u € E is vertical iff dym(w) =0. A curvey: I — E in E is vertical
iff v (t) € Ty E s vertical for allt € I.

el

.5 Show that a curve v : I — E is vertical iff the image of 7 lies

ina single fiber of F.

Definition 1.9 If 7 : E — M is a fiber bundle and yo € E then J,E
denotes the set of all linear mappings v : Ty M — Ty E such that

dyom 07y = 1dT,,(yO)M-

If JE = {(y, ’y)’y € Eandv e JyE} then we will show that the mapping

g JE — E defined by mg(y,y) =y defines a fiber bundle structure. This
fiber bundle is called the first order jet bundle of the fiber bundle 7 : B2 — M.
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