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%nmeroﬂ.‘.) PDE4 orent eosy to Solve, bub thesr are eovy . 9§

tumm o ?HCeth ua,gu shr.rm-iol W o ("Hnt‘; Cermer W@ ,

other muth Conses line Difbecentiod Eyth and applicadrins)
= E,;%f'ax = [exrwax = Xrxa s G003

Twe used dhe nefubon “AX" to enphasize thad we held Y &3 conghid
n 1he ;'m"'agmﬁbﬂ, the conttant wfﬁ: fespect 70 X Con be a Funehon
of 4¢3 os 1 enphasize with 4ha aghahon C, (4,3). Mow
welll e fha rcmm’ar’n? twe PDEs 1o P";"" down ke EXP!}’M?’ Sorm

of C, (9,73
i z - ¢,
%_if: Sces(%) +X = ;’[x + X4 +C‘,(*9,1)]_ % + =

Eﬁ = ZX +\r
X

_ €
= Tees(93) = 5

C, s

= ¢ = S'%??? a S
Nohe 4heh €, =C (V,%) se T fenew thod G = G (%), it con onln
depend on % otherwise G mf‘gﬁﬁb aguire an w-dependence,

Beas(93)0Y = E‘%‘l@ + C (%).

G - = =2 |
'3_?&_ = Yees(4%) = 3?{){2"' X4 + Sin (47%) + C-JU]

S Yes(43) = Bos 4R+ 22 .g,.gs. =0 1 Cp= Comctant

Heee 2Cifpp = 9G4z sha only deperds on 2. Tn Hvtud,

1,% = )(z-l- ){‘f + Slﬂ("#%) + C}.‘ s Jhe F‘-‘*’Efd‘i'&g J ok L

S

REm&rﬁ: -i'h'ni.t. feemy la . p} is T wie Fu&' extia ammgrc[tr h#rg
t; +'*& +o "h:?:ﬁ Yra muﬂwd, Also see 135S+ 13416 for mere emmp}".r,




Tue Divercenwce oF A Veetor Feup @
F’ca.u'm we vre -he vechr c-}f uparm‘wg- '.;? -+ deﬁ'mz

DE‘P/ feb F obe o vectr Hreld with diffecentishle component Fhets,

div(F)= V-F = 20422 + 38 =9 F +3,F +5F
 here ERCRE,RD SRR BT,

[Ei37] Zob F = <x, % 2> then

_ X, 2R
WF =&t e T

[E123) £t G = <-Y, %, 0> 4hen
V-G = (V)3 = 0.
Langanse t the vechr Felde consideced in @EE@,E@ [ET3Z] are
evornpler of ictobuhoncd and incampresble veckse Fields. Spefieclly
F=4x,v2> has VeF=3 ¢ UxF=o , Fi itcetuhond

G =¢-v,x, 0 has UxG=ak § VG =0, Gt incooeuible

Remack ¢ the wmlnnlc.a\a“irfe‘hﬁm{i”w& L fncamprfﬂfbhﬁ stem from Ea.r'lw&

[}

o pplicadions of vechr fields 4o Linid Flow, TF Vv ir +he \{ein::#a
feld of o Flaid then %V #0 = a lfe poddle wheel wil

E?En ok ¥he loeodon whann IxV F0. 'I‘F ?-V-#_—o -Hﬂﬂ!: l'nn{'.'tw;ﬂ'
the Flaid g 'Fluwln?} in or owb of Hhe in-ﬁnrq*e.r;m“.ﬂ Valwme
where eV 15 Nan Zero. Qfeaﬁamagnﬂﬁrm shaces Many
ana.faa»r‘e.r fo Flaid Flow, Sor example,

V*U‘=":§f

# B\
flow of cuctent  chonsg in charee

n fuudh of AV dtﬁh-lxa in dV |
Hhis eg{"; expresses fhe congervediun gf _gh;m.r%g_ lmaﬂ«&. .
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Tj,"/If F= (F‘: Q,RD s a vechr fefd such Hub ?;GJA’ @
hove watavens 2% 4ol Pw—‘l‘ﬁuﬁ decivodives Ahen

| - div (cucd (F)) = Te(UXF) =0

Prost: Folbows from Clowiaks Th™ agim, vee F = <F, R, R
?s("\?xF) E— v‘<gﬂam93ri;gqu*‘f)4pg: ‘JIF; ___gaﬁ->
= % - + "~ F + 9.2 -2 f
-&gﬁ{ﬁ/@aﬁrﬁ/ DA S 2, 20
= /7.

Ts it possible thab F = {XZ,xyz, -y*> = NxG Ao
Seme G 7 Noha € Ahis wece +rae Hhen Vo F = Vo(¥x6) =0
however e # 0 o5 we oy euiina c;o«.icmia:&;

Ve F = 2 (xz) + 2(xvz) + (V)= B+ %7 # 0.

]

Ef?ﬂﬂne of  Moxwells Qg*f' con be weiten as Y8 = O,
Find onother Vechr Aeld wihich auhmnﬁ'r}.% Solves Ahis eg"_ Thi

So- called veche pstntid A oles the job, i is reg ¢ thod
B = ¥xA thus VB = Ve(@xA) = O,

Noﬁ‘u thedd A ir net arey cina WxVe =0 we'll FMJ the
Sare magﬂeﬁt 74#!'0’ 8 Hem A eor A+V9.

2 op /ﬁ @ @;? ecarfor
2

T = 2% 22
V=V = =5 ¥ 25 ¥ 3@

Hhis  tan be nppff'eJ 7o re..!-mmf fonehons or ve cfors,

[ETT5] G oauws Law shies Ve E =pfe ond in electrostobis
Yo electric  feld s gfven h-.a A Fo-l'an-h'd Vo oacarnding

4o E = =-VV Xewr Gouss Lo e comer ‘W-(—"’"ﬁ = /&,
Ihis  ofves V= -Ph,.

Tn B5/32.5#36 we enconnter dha d(a,oﬁa Operetor a.aftay e vectur Felds

oz W 2= _ e
VE=war ¥ VETTAE

e sol®s to Yhese 9,91'”1 oce e\ec‘\“mmagngh-c wavef | Yhed i 1535_\'&._




Cuac_anwo _ Divercence v Curveo  CoorpinaTeS
We Fonnd “he aﬁmdian‘h atireaduaj%u will hart o litHe, We b%

with  Aha diuef%;,hm s Ctﬁh’r\dr‘fch—ﬂd, (r; 6‘,'%)1 we need o

Lews ?rﬂiminmha, fucte

2 o
€, = CesO1 + sin6 3 X = rces©
€ = -Sin@ 1 + w50 Y =rsn®
-ﬂ\an 'R’ﬂﬁ'i Xra ch-.l‘n-fmh wie 'RU‘-J
9 _ A 2 2y 2 2 = ot 2 4+ sinO 2
3¢ — arax T aray T %—Zgz $O 3% g

56 S0 by * Seay sk [ SNINEES RTESL

We need 4o silve Ahere for Shx  ang Sy ..

f:;ir 2 ol © 3in & Dx I o @ SinB —L | ('mpse —Smg)
D@ -rsing Yesg /| y hie ~rsing  reosd - TG+l \rsing  Coil

-

(?x)- ._‘_( res®; “SMOH S} o [ox = oo, ~ 229,
dy Flirsin® cos0 /12 Y = sihe D, *%@"BE’J

1
b i

':b.\twll.b-tn.j
NeF = (%gx b j“:gy + ?;ge)'(ﬁ-er*' F;{?a * E‘;ei')
= [T(coso0r = 54205) + §(stn6 2, + 2£85.) 4 B D, [ e

-[?Lams-r&_sine}) + 4 (F sin® - 0s0) + ?}g]

o A e e TR

i g B et e A L

= (cos0 2 ‘%@ 55) (7 es0-Fsn0) +

: ; — °oFs
& (gmga% + @;9%)(Eiﬁ9+ h-eusé) o 5%

> - ‘ R
= cosO® 'F[-F‘“ s ) -gm,.g] ” E%@_%[ﬁ cas @ F;mna] ;
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e ——— s — —
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Continving + #rd Vo F i colindiicad coordindes. We £ cus 378
on ‘T%C piam @IQ@,@ ane o)b & 'f??h-la T; 613-3#14 g
Fu-!/ G*ﬁ Constont Pr'ﬁ'ﬂ—ﬂ, ﬁ-&mm 6!;-' wﬁfﬁ% ‘:: ﬂnﬂ"" g
are funchoas o/ both I"', 6, and %,
P T
@ = cs0 Sx -k T
@ = -0 %5 e - Rsne - 25 - Faro]
€3]
- =] n2e sin® o Sin©
) S:iiﬂﬁ'ae‘l-ir?:—ﬁ“qr r e lﬂ%&e%
@ = sin‘® ?Ti; + s@%ﬁﬂqr B -
@ = _.r"""?f_@ %Sm@-ﬁ Fotes©® + f%—!‘;' - F;SM@]
e/?(? : ‘e 2 i 2
I r o5 Cos sin
_§|n9ug_€§+%ﬁﬁ+ T—%-ﬁz@/%
Now lets assemble . F oﬂ,{un He cboua ftau-lﬁ} Nehie cecfain terms cgnca%
' .-a \ | =
VeF = (&s*@ + 'Slnte)‘%% + -::(c'm 5+mfe)F; + 5“?9;::"5@ ;g’ + %g
B T AT S &)
DR e P 2F SF
- r=—"+ K 4+ 2% 4 ¢ 2
’r{ or r ) —-—'-.az]

?
—.—.FF[%(FE) 4 %—%-ﬁ %(PE)] = V-\:]

77& fd..f};grmwt"m and ) ore JD!be_ éi# Wﬁﬁlt‘ Noﬁg ﬂ.o.,ﬁ
o0 MRF for FzFea+h6 =F8sFf wewl

‘quu’ Hha Sorna rem/(zf: W%nu.b Hha 2 - *&lf?’%ﬁ}

e
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psn? 20

where B = F €+ Fo€ + Re, in sphericod  ceacdineate, e P 6O
where DE 0% 2W o O <@ =T !

. — ]

Broof: We'll convect the def> VeF = o 4 9 £
Lete ve el whab e G«ifeoudia &ﬂbw -F\.rqm

%Rk b Sphecicals,

e o f:er worle & @

E = ¢ts@sin® =+ &:Ew?l—? ~Sin@ Fg
Fp = Sh@ sin? 7 4 5sing e ¢ Fe tees® £

-]
Fp =cosP |y -sinep

\Ne alra  coltwl ated ~Ahsd
- 2 chiod LB e : .
t;_eﬁap+ﬁe¢a¢+m% (%) on GED

= f@r&ﬂb?’i— Sih@ th?.f-.r m?"gy % ¢ .s*m& (%) d«n
é—(fﬁf@ﬁﬂ?’wﬂ .gﬂfhﬁcbr‘?’-- sm‘?’ﬁ)%?_

ﬁ(-smeéf +@5@%)_§
o - e R Jh
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We  could derive @ fon the  chain mi:;, T tock an olerncdive Cowte,
N ows F = Fx T+ :y % + F,E ?z and we UL Compuwii
Ve F = @ kK -1-@[5'; +@F‘i wihere F:; F-:,’F:-ﬁ e
ﬁx?reﬂed  derms of. r,% 6. We'll work ouh Aha %ﬂ% dodnils
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@F; — Casgain@%[cﬁﬁjinq’ F‘; +@39¢¢¢}§_51—ngf_—e:‘
+ E‘- Cos @ cos @ a‘%[ﬂaﬁﬁmh P+ cosOcosg By — 50O }_g]

-.;‘:ri E%[m:@sm‘:ﬁ + m:@m¢, F—; - Sin8 FEJ

e e A B S e o 7 e e R A LAY S . Y s e e

= (ef?0 Sin® ¢ —ﬁ + Curzﬁﬂhéﬁw% - Cm@s:aﬁ&‘:n(#

—ﬁos 9@555 [-:ns‘?’f- +5ih P 2t aF -Efn#:% + c::.rc;t%.? %ﬁ‘”&? ¢ s

- SinG ["S’M& ? @58 ?ﬁ] E’_@_Q_m_é[ sin@ Ky +C¢!E§l§f§
@ 28 Pﬁm ¢

-8 T . A
oo L= =6 F - sing 2

T i MM_%

W_quw

@;,; = Sn@sinY ——[ Sin@sing F, + Sn@cesp Ff + cos® l:-;j

2P
+ Eﬁtf_..‘fﬂ_?" % Sin@sind Fp + Sin® casd g + cos O Fg :l
+E§% %[Sm@:untﬁ + SinQ ax¢ F¢ Y s © F-]

o S it e AP Bl i e P i B 81 e et T S
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+ @Q_ﬁ @54:. +5m¢3? < siag +C¢s¢ ]ﬁ-‘ﬁ%ﬂ?ﬂ{i‘-ﬁ.

4 €080 c-ns&Fé-i-smafﬁ%ﬂ] ot [ s 45106 &]

gL P sin
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— e ——
@WE = @:VW[CM?F —sm‘?’ﬁs] ﬂi..# a[@r#? ﬁn¢ ]

_ 2 F ; =) - 2F
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£ ‘ é # sin®d DF '
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fj*tf &:j::;‘; i:m ca@j:’;i Fr + @l vy apprprinds
19 = 7 7,

¥V F = 3_? [CMEGSIH ¥ + Sin 99!n3¢ ey @'{a‘b]
- %:f[ cos?@sing s + Sin2OSing wsd — Sind ¢¢;¢]
+ t- [ @Seslﬂg 5\ﬂ¢ + S{na CO?.EI Sln(i) ]
3
N "'r‘.‘}df- [ch‘}sze cos¢ sing + _r;'T 3in%C os¢sing - Ffsimia ca;¢]
i p_@ _l_ 2 _1_| . sinz
S———
+ 2F]| _ sinBes® + Sn@esd
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26 e
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T Fp ‘;!.S‘[C#S?E} cos?¢ + S1n°O + sin‘E f:asgi' + (es?6) +5m"—'96]
o' cap’s _ﬁ"—d s ]
% F&;I'T{ s’ G sm‘i‘ _&%—ﬁ-ﬂiﬂ%ﬂ&+ + cargd
Sin&ca.r@/ sin@ewt &
+ Fo _\P_[ _sing _sin ]
= (2B + 2 F R ) cos | DR
(%P € 4 g o P‘Sind) psing 26
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R’M‘F’ Yhe delintion e %‘Wﬂ P CMMM\M&, ‘Fb{iu\.r en Ep '(VN"F)

(er-‘)-er = (Vx [-‘)4 (ms@f + sin-ﬁ';)
ces© (UxF)eT 4+ Sin® (¥xF)eF

Cos © ['Byf‘; -EEF” + s'me['azll; —::'-"fl:e]

©3O X F -@0%F 4o QR - EUF

© @ @ @
\Ner“ ?ro(.eﬂ‘.ol +D cenvert ®1 @‘, @ ’@ "I-u Cv.a‘“haln‘cds {\,E_Q.J -i-ﬁ ﬂﬂﬂwf‘t'
a.lfeu-d hove -pufmiulu -For F;-' F;, I:é

e perhod  derivedives | e .
o derms o E’, Fé, F;:. ( seo (#) on(%é?i) ond lktewise Sor %, Iy, Pz
i dems of D, D, %2 on G2, Celewlets Hram

6 [0 00 + %2 D, ] = BB + SEE DRy

I PR W

@ =
@ = -cs© [2:z][ 7 sin®© + Focos@] =

© - w00 (T - 53] copti - R

| | | ] .
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We 522 some encumragr}-:} c:anu//mnﬂ'r; e _éh‘{
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-;Pfg u‘f Cl-ﬂ fin w.-:/ ‘xir o

(*t?u: F).eg = (’Q?MF')-[—EMQ? + cﬂ@%]
= -5in6 (VxF)e T + s ©(TxF)=}

= -5in® % + SO R F + Oy K — wrod F
acrgglis. v, N s i i i N
e @ @

Proceed asr betre wovect Fo cylindricod fﬁﬂfﬂ/fﬁé—ﬁa}
@ = -sing[s00 9, + BE YT R] = -sin% 3 F - L8203, ;5
Fo

@ = <nb [22][ F 5@ + fo C2s©[ = $in*@ 2 Ff + sin@wb 9z

@ = (osB [gﬂ[};m@ -55’#‘&@}1‘ cos @ QEF,.
@) = 056 [cas 0 - S8 % [[F] = -es°© % + €0€uC %fy
Mibew o few concellahons in @+ @ + &) +@ ,

(e 253

And new fha !’ﬂi‘f 'ﬂumﬁintﬂf

- sinBcos @ 33 FE-

(VK b 'c'), Dyr .
[@5931\' -‘—sme}?}e][ F,.Sm@ + FT;. ws@] >
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% Fo "‘_j._ﬁ J
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Co we Hnd #H’J
UxF = [oxF)een + [(9xF)-,Je. + [xF)-€,]e;

F = (725 - 3B)e, + (3F- e, + g[r;;]-%g;)ez]

?ﬂMUE RJMT :




Summary oF DiFFerenTiaL  Veenp CaLeurus -
'n\is uble s becrowed From "ﬂ'\omus’ Colewluns 107 ed. MNeta -
Heb e R €4 ore dencted Ur, Ug, Ug and ©p it Up. We

hove decived much of what ichere, “You showld be eguipt o

decive the formulos for the heplacton G2 given the calculedivns
Tlve shuwa Hou n these notes.

Vector Operator Formulas in Cartesian, Cylindrical, and Spherical Coordinates; Vector Identities

Formulas for Grad, Div, Curl, and the Laplacian

Cartesian (x, y, 7) Cylindrical (r, &, z) Spherical (p, &, )
i, j, and k are unit vectors u,, b, and k are unit vectors in the u,, uy, and wg are unit veciors in the
in the directions of directions of increasing r, #, and z. directions of increasing g, ¢b, and .
| increasing x, y, and z.
| F, F,, and F, are the F,, Fg and F,_are the scalar F,. F,, and Fyare the scalar
scalar components of components of Fir, 8 z) in these components of F{p, ¢, #) in these
Fiz, y, z) in these directions. directions.
directions.
_. . _¥ 1 o _o 14 O |
Gradient ‘F_f—&x|+&yj+dzk vf_ﬁ“'+r£“3+5k w_ﬁF“PJrﬁE“’*_psinéﬁﬂ"
Divergence | v p=2, o | o g1 by 130 O, v-F=L122F
. P “ra it & = i3 @ FA
| 1 9
;isincﬁ&nﬁr{F*sm@ p osin ¢ a0
|1 1 e u, uy
i g :l re W 7k plsing psing [
Curl VXxF=|Z & £ | VXxF=|4d 4 @& VXF=| 4 Kl @
dr dy dz| ar o dz 5;.' b a8
F. F, Fj F. F, F, | F, oF, psin $F,
O e 14 L N 1af .0
Laplacian ?ﬂf—ﬁ'FF‘PE WI_FE(F%:)_F;N;{-E vlf_ﬁﬁ_;-}(p E)
.l
1 i(ﬁ,,ﬂ) el S
p* sin & A dp P’ sin® ¢ 9%
Vector Triple Products Vector Identities for the Cartesian Form of the Operator ¥
fuxXv)-w=(vyXw-u=(w>xXu)v In the identities listed here, f(x, ¥, 2} and gix, y, 2) are differentiable scalar functions and

ufx, ¥, z) and vix, y, z) are differentiable vector functions.
Vv =fVv+v-Vf=fV-v+(v-Vf

Vv —fVXv+Vfxwy

V- (Vxv)=0

VX (Vf)=0

V(fe) =fV g +gVf

Vio-v)=u-Viwv+(v-Vim+uoxX (VXv)+vx(Vxu)
V-pxv)=v-(Vxu)—u-(Vxv)
Vruxv)=(vViu— (o Vv +oV-v)— %V a) .
VX(VXY)=V(V-v)— (V-Viv=V(V:v) - Vi
('FXV]XVT-[V*‘F}\r—%‘F{\r'?}

uX(vXw)=(o-wyv— (o-vjw
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Praba.bltg Sema ﬂ‘P “gyow Lullli tﬂfﬂ_ﬂlﬁ{‘er e c"HﬂEI"
-i'vs?a of Spherf\:mﬂ 4 ¢y lind(icod ecoocddinetas . Tn i

expecienc physicists  will alweys use these Converrions
W\'\Efe we hove *'ﬁ\-ﬂ -Fuhwm% dicﬁ”aan‘a/

N ot Ph%}srcs

el | 0 = JEyiae
© o y Oz
P ' © , 08=1

r | % f—i ...[x3+v1-

For  wour convenienca L include a few results bitioiad
From Dowvid Grf%‘s Excegrr (1) +ext on E!:cﬂama&ﬁﬁﬁ'ﬁ.,

——ist

SPHERICAL AND CYLINDRICAL COORDINATES

x = rsinfcosg % = sin@cos¢i+cosfcospd —singd
y = rsinfsing § = sinésin ¢F+cosfsin b+ cosg
z = rcosf i = cos0F—sinfé

r o= JE+R+E f = sinfcos¢X+sinbsingy+cosdi
8 = tan'(/xZ+¥%/2) 6 = cosfcospk+cosdsing§—sin 63
¢ = @ '(y/x) . = —sing&+cosp§

Cylindrical ‘

x = scos¢ E = m¢§_—sin¢f

y = ssing § = sin¢itcosge

I = z I = i

s = JiZ+ )2 {8 = cosgpR+singy
1 ¢ = (/%) ¢ = —sinpk+cosoy

z = z g = &
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Thete s nething reelly new here, we st tuke whad we olid
oand Lh&ﬁat netution afcnrﬂ!ina +v e du'c-hanwa, Thete
Lormalos ore Aok Rum tha Gver of  Grifihy T IM text,

e ———

VECTOR DERIVATIVES
Cartesmn. dl=dx+dy§¥+dz% dr=dxdydz

Gradient - Vi = FRelgeia
Divergence: V.v = %‘%+%+%
Curl: = Vxv = (%_%)i+(%.—%)?+(i—?—%)i
Loplacian: Vi = O % 9%

Spherical. dl=dri+rd68 +rsnfdpd; dr=r’sinddrdfde

at ., Lor 1 at .

Gradient : Vi = Er—i_r&ﬂ +ma-a¢

Divergence:  V-v = r—lz%(rzw}+$%{sinﬂve}+ﬁ%

Cur!.: Vxy = rs:ﬂﬂ[%(sinﬂu‘g}—:—?]f'

T O LT

1 = 3 () ek (0h)
Cylindrical.  dl=ds§+sdpd+dz dv=sdsdddz

Gradient: Vi = ‘g_i“%% +:—:i

a2 b [%Z_t—%]§+[%“%]$+%[%(su¢}F% i.

, j 18 /& 1 a4 8%
Laplacian - v = ——( i il e
Sﬂ.r) F 52 g * iz2
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