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Problem 115 Suppose F= pPPp+i ‘ sin(¢) ¢ find f such that Vf = F.

AL S A N |
F = ()f) SM&’CF - FOP * # F?fb +0 ef'md; 08
we  (an Zm;aaze coe.ﬁf.,,c é‘/ﬁ,g
Sth w -{47&1-4 are ur”oﬂarmcj /
v o
._‘p- — ez QV\J "_)_f. —— S‘IY‘\Cb and 5_5 -

¢
(feto = 50" — osd |

(Can aJJ duj/ln?{" on d J‘%;(/ ab o
Stnwe g/r'ao/n;h,( )

Problem 116 Suppose f(z,y,2) = (22 +y> +2°) tan~ ' (y/a) +cos ™ (z/1/2% + 42 + 2%). Calculate V{.
flote = p°0¢

_ 5B iated 7 L2 + 6 o¢

V= 0520k + ¢ -7 (peY) (e

LVF = "’?9‘#{’\* pe d W) /




Problem 117 Suppose a formula for f(z,) is given. Furthermore, suppose you are asked to calculate
9 \where r = /2% + 2. Techincally, this question is ambiguous. Why? Because you need to

or
know what other variable besides r is to be used in concert with r. If we use the usual polar

- coordinates then tan(f) = £ and all is well. We adopt the following (standard) interpretation:

oy _ ar oz 9f dy

7]
[ f(rcos@, rsin 6‘)] e o 8y o

Jr= o or

(rcosf,rsinf) (rcosf,rsiné)

In other words, we define the derivative of [ with respect to some curvelinear coordinate by the
derivative of f-T where T : R? — R? is the coordinate transformation to which the curvelinear
coordinate belongs. Denoting T(r,8) = (r cos@,rsinf) we define,

C ( r h
= 3£ ;9[([ T)( 0)] 3£ (rcmﬂ,rsil]ﬁ)% " g_:‘-f (rcuse.r:.-iuﬂ)ﬁ
A short calculation reveals that:
fr=fzcos0+ f,sind & fo=—fersinf + f,rcosf
Solve the equations above for [, and f[,. N -

tos & sh@ ‘fx‘ "_ o b ) [ d "5/
ch —( A /0’ adbc/ a

-rni;w reer® ﬂ,

hnu/fé/p? . — .
uy jpvece \ rapacmg e @6/ / = v |rane . +cvefs

Caahe o (0 = wok -mel,) 4 -meheezt,)

Problem 118 Recall that V«V® = V2&™=10 15 called Laplace’s qul&thll In cartesian coordinates.
in two dimensions, Laplace’s equation reads ®,, + ®,, = 0. Show that Laplace’s equation in
polar coordinates is

(ﬁ)_‘ J rosf —508|(4 , (kw&-ﬁ-—ﬁ-}w&%

#o 100 10
orz  ror r?06?
(ves, most of this is in the notes, but I'd like to see the rest of the details)

7T 22 = o3 - 83, (w27 - a2, z)

axz - X

= 0.

—= (,059 ? é -I“(ogesme[ rzg 2 - :)rag§-J 'j

o e

Q-'*’ 'S'he Y—-sm@? §+C°59 ;)99 EJ | ™

o e S e S e e

e

- -—M[—M’ae‘f ~ 2he 7 }Tj
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Prosenm \\8
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Mt 0 |
= (S'l‘ne 9, + -;‘_—w@ De)(sw}a db & + -_,FCojg Dﬁ?f/'

2'E 'a(_ag)

= Sin @? E + S\he[ —Cosec’)’i +—{s=x(9 3 De'ﬂg—] —

S + -&3056 [ —5in® 'BG§ + o510 96 f]

= <he fai 3 - 2SN B 058 ?of 4 ASInBeos § 9r(79 F -
5 p

rZ
- %Cogze’ar§ + Trl_’:wze 9;§' (_& &7)

Now odd ) ond fled) nohia evenghhing cancels

e CCPJr/

i.,.+2,= mefg +-r’—w?aa,£ ¢ LR F +
S+eg 9r§-+ Lsin’ 99,§‘+ J—,nh‘Qaa_@
_ 2 2 -
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Problem 119 Given the potential functions ® below show they are solutions to Laplace’s equations
either via computation in cartesian coordinates or polar coordinates.

@) @) =(/FFE) = 1 (s irgy ochally @ (r6) =r" fulvu>
(b)) ®(z,y) = tan~(y/2) 7% =g & n=o.
(c.) ®(r,0) = r’cosfsinf

(0.) B+ &, =0+ 0

(b) E(re) = ©
El"r:o/ Er:O /§@9:o

1)
‘O



(a.) Twnh g = svhd  _ _hsihd

‘k = % Xz—%""
*

Problem 120 Define hyperbolic coordinates h, ¢ by the following equations

x=hcosh¢g & y = hsinh(¢)
Let’s study these coordinates by answering the following:

(a.) solve the equations above for i and ¢.

(3,) and (-2, -1)

(b.) Find hyperbolic coordinates for B ——Hand—+ Write a diagram which
explains the signs for h and ¢ in each quadrant.
(c.) What do are level curves of h ?

(d.) What are level curves of ¢?

J
b corh £ >

ﬁ = hbh™ (%) |

XZ___La'z - hzcar}l2$ - })zf)}ij'l2¢ (AfJOJ“C [4’} ﬁ/X?O
4 ~) forx<

:h‘z(c_dr}rtf—‘ I/AA"#] / ) X< g

=2

coshd

!l
~
N
o
N I
~
|
b
—

L .
= 7o =[{E =5 <5
o 4 e T
9= h = —{ oo = ey

- e

C#:w Y
* nh & = %
o Y = Gunh fe) X

[4onh (k)| < |
h\f\.ﬂ.a o'c J‘l_upz |Gf$ *h-v\



Problem 121 Continuing the study from the previous problem,
(a.) find functions A, B, C, D of hyperbolic coordinates h, ¢ which give unit-vectors
h=AX+By & 6=C%+Dy
(b.) derive a formula for V£ in terms of hyperbolic coordinate derivatives. however express it

in terms of X and y. That is find Vf = (f,, f,) but express f, and f, in terms of the
hyperbolic coordinates and derivatives.

(c.) derive Vf is purely hyperbolic notation: that is find E. F such that
Vf=Eh+ Fo.

partial derivative computation is fun...
questlon in the pair of problems below

()’\ on next peae ) —O—I(Jranh"(qj =
() V4 = 7 (o™ (%)) o it

N

but, what does it mean? We explore this

N ——

e uz)-ﬂi%j ( 1,u1)%(-'3-;f> decive it.
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Problem 122 Let (a.b) € R? be a particular point. Explain geometrically the meaning of the equa-
tions given below:

(a.) %f(a,b) = -

(b.) %(a.b) =1

(c.) gé(a, b) = 0 (same notation as iu previous pair of problems)

As an example: gﬁ(a, b) = 0 indicates that the function stays constant along the line passing
through (a.b) on which y is held fixed at value b (parametrically f is constant along the path

t = (a+ta,b) near £ = 0).

(a.) %‘E(olb) = ~| means  +  decreces ot i of | mlang o
rasa %f'w#\ -‘H-\( u!uﬂur\/\ Wi""f-"’\ P oses %’4“6"‘ (U~UJ

r o

‘ l"(t L

V (s,b)
i R 5

([)) % (a,b) = wA éongs 'C nCreoses Ox‘o'\ca G\_

C i('(,ULl ar- onCC ‘W\MMD/L (Q;b)

(c.) %g (0,6) =0 menn; £ s conchah &L“\Y
a line Y =Ganhg)x = tuah (k' (2))x = 2x
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Problem 123 Joshua asked if 5(—‘-237 had meaning. I would say ves. In fact, it has many meanings. #7 <0 '/ e f

..ru o -
(a.) Define u = zy and v = y/x for (x,y) € (0,00)%. Find inverse transformations. That is, solve
for x = z(u,v) and y = y(u,v) in view of the definition just given and comment on the level
curves of u, v (if they are a named curve then name them).

(b.) explain what gﬁ = 0 means for a function f at a given point. (use meaning suggested from
part (a.))

(c.) Define u = zy and w = y for (x,y) € (0,00)%. Find inverse transformations. That is, solve
for z = x(u,w) and y = y(u,w) in view of the definition just given and comment on the
level curves of u,w (if they are a named curve then name them).

(d.) explain what gﬁ = 0 means for a function [ at a given point. (use meaning suggested from
part (c.)) (it is not a directional derivative in the traditional sense of the term.

the previous problem is important for applications. Think about this, what variable
is most interesting to your model? It is important to be able to write the equations
which describe the model in terms of those variables. On the other hand, it may be
simple to express the physics of the model in cartesian coordinates. Hopefully these
problems give you an idea about how to translate from one formalism to the other
and vice-versa.
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Problem 124 Suppose that the temperature T in the zy-plane changes according to
aT oTr
—=8z—-4 — =8y — 4x.
5 = 5T~ 4y & 3y 8y — 4z

Find the maximum and minimum temperatures of T on the unit circle #2 + y> = 1. This time
use the method of Lagrange multiplicrs. Hopefully we find agreement with Problem 107,

VT = XV% WM %(er) = Xz'f""{}z -

[ .
L 8x -4y, 'Y —Ux ) = A <2x, 2y >

Ux - 2y = Rx = (¥-2)x-29 =

O
1y —2x = Ay = (4-2)9 -2x = o
Uew e

({-2)x =29 = (v-2)9 —2x
= Y- =-2 snd -2 =Y-3 thus A =€
Thuy  Yx=-29 =6x = 9==X = x24 (~x)° =
fe x=rME > y=HANT | Extrema fir T
are »fbumJ

A (Ve %), (# ), (7 F),

Problem 125 Use the method of Lagrange multipliers to find the point on the plane r+2y — 3z = 10
which is closest to the point (8,8, 8).

pe 2 03 4 2
Linz)=d = (x=2)"+ (4-8) + (2-3)

O (x9,2)= X+2%-33 = (0
V‘F = 7\—\7%
{2(x-8), 2(4-8), 2(z-8)» = AL, 2, -3
X |6 = A = 2x-96 = CA
WY-16 =24 = Y —4g = €2
22-16 =-32 = Yz —33 = ~-CA
Thus, [2X =96 = ¢Y-Y8 = 33—42.
= Y = /ZXG-—‘JE =2X =% and F = _.._....._..’2#);-“{.‘_3,? = Q- 3Ix
Hinw x+2y —32 = X+ Z(2x=-8) —2(32-3x) = /O
s X Y =6 -9 +Ix = [0 = |Yx = 122
— 122 _ 244 _ o T 3¢¢
b—w— )9 =21-¢8 , #=13

B 3 Jako (G2, %, 00))




