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Please work the problems in the white space provided and clearly box your solutions (where appropriate).
If there is not enough space please indicate that you wrote additional work on the back of a sheet.

Problem 1 (10pts) Find the solution set and write it as span{uvy, v} for appropriate vy, v, € R
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Problem 2 (15pts) Find the formula for a cub:c polynommTwhose graphs contains the points 9u0 ¢
(1,10), (2,26), (—1,2) and (0,4).
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Problem 3 (10pts) Suppose the system of equations Av = b where v = (z1, T2, Z3, £4) has a augmented C/ 19
1 -1 0 0(7
coefficient matrix [A|b] for which: rref[Alb) = | 0 0 1 0|8 |. Find the solution set
0 0 0 1{9

of Av = b and determine if (1,2,3,4) is in the solution set. ),
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Problem 4 (15pts) Given that A~! = [ 1? ; ] and B = [ g 9 ] calculate (A~1BA)2.
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= A B°A
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= qn'A = 9z ’ °‘
Problem 5 (10pts) Let A = [g g] Use induction to prove A" = c:] b”‘] for all n € N. c?‘ (4
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q_:f?;_" Problem 6 &{Efg] L=etA ?_é,B(,j]C_;_qu s:tgl(]aée matrices and define [A, B] = AB — BA. Show: {\v( e /,-\/d
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—_ . e) Ve 2. £ vy

= P(BC-c8) + (ARC-CR)B “7  _peorpeg =0,

= Ale )+ (A,)B
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Problem 7 (10pts) Suppose A is a symmetric matrix. Define M = I — 2A. Prove or dlsprove M is
symmetric. 1Nea f-} [‘
]

T T K
(T-2A) = I'-2/ = T-3A=p
(M is sy manetre )
Problem 8 (10pts) Let A € R™" and B,C € R™*. Prove that A(B+ C) = AB + AC.
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Problem 9 (10pts) Consider A = | 2 3 3 4 ] = R. Find an elementary matrix F
5 5 11

0 o 1 tule T ond
E:!}? (‘)3] Swaop Wwr | &9

such that R = FA.

13 2 0
Problem 10 (15pts)Let A= | 2 6 —4 1 |. Also,letv; =(1,2,3), v, = (3,6,9), vs = (-2, —4, —6),
' 39 —-60

vy = (0,1,0) and w = (a,b,c). Calculate rref{A|w] and explicitly indicate each row-
operation in your calculation. Find the set of all w which are not in span{v;,vs, 1)3@
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Problem 11 (10pts) Provide a set of vectors which contains the maximum number of linearly inde-
pendent column vectors of A. (the matrix A is as was given in the previous problem)

et st ek hoa Vi, V]
O\Ifo {Vg’ \/?/ \/11] :)U\fl" connd uile (_)Q.H, V’, 4'/&..

Problem 12 (15pts) Find the standard matrices of S and T" and ST given that:
8(z,y) = (:c+2y, 3z+4y) & T(a,bc)= (7a-|-66+5c 4a + 3b+ 2¢)

[tr1=3 5 %))
[se7)= [S][T]t; [+%] 335;5;) Ef;foa/aa
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Problem 11 (20pts)Let A= | 2 6 —4 1 |. Also,letv; = (1,2,3),v2 = (3,6,9), vs = (@—4, -86),

39 -6 0
vy = (0,1,0) and w = (a,b,c). Calculate rref[A|w] and explicitly indicate each row-

operation in your calculation. Find the set of all w which are not in span{vy,vs, v1 i}

13 20 [%) wop [
{A\w]cza—w\bi—z—‘a
'3Q-—60C\:§-—-—-i.-a

T —=G a [
ola - 83 [y o -+ (% - Fia)
G[-\‘?.; {\)E-— | b-2a n‘-*'?r?") o O b—3da+ Q(Q/w*c/lz.)
00 |\ 0% -A 0 o | a/y = iz
> I 3 0 o] Fe+ %y
E———r?a 0O O \ 0| 8N -S4
© 0 o || b-z¢s
-

2C gl 3
CO((efpcmcD +o \/” V’z \/3 See b - /f/? 7 o
edxijey no  $ol% -H C\l-f—c\/Jchgfﬂ‘““(a b, )

s TG, b o) ) | o ce 5#967@”"“’1’

mb"‘ In

;J aa a[

, \/,«. ‘f?(, V‘} j‘?
Problem 12 (10pts) Provide a set of vectors which contains the maximum number of linearly inde-

pendent column vectors of A. (the matrix A is as was given in the previous problem)

Problem 13 (10pts)istinct solutions v; and v, can be found for the linear system Av = b. Which
of the following~is necessarily true? (circle answer)

(a.)) b=0

SRR, T BC) A ANS /;';:,._/,
(b.) A is invertible > t = m QE) <k

(c.) A has more columns than rows

(d) U1 = —Us

@) There exists a solution v such that v # vy %b
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Problem 16 (10pts) Let P, @ be invertible n x n matrices. Prove PQ is an invertible matrix.
Observe @' P 15w well-dehvad malii oo p7 G ace gruea
du exirt, Me,rewu\ (PG’)(G? ) = paq'p “‘PIP PP =1
Y s (PG?] P and e shewr P i iaverhbly
Problem 17 (10pts) Prove that if both ATBA and B are invertible, then A is invertible.
Suppete ATBA and B oare fverhble. P hwerds —me
Yhodk A don.e, = IXF 0 suchthd Ax, =0,
Obsevve (ATE’}HXu = ATBAx, = A'B(0) = 0 and X, # 0
e Q:\TBA)*‘ d.n.e, ((3'-‘3 Yhe PW;‘ Mt N\ 'e'mftr G Mx =6 naff’)gna)
Whigh ==& AR f}ci.ﬁ“‘hh%, Tave B extfs
(#\a hoct At 8 wer thuerAl b wog fm‘ f"'\.&,{-’;‘.{ép“/}

Problem 18 (20pts) Let J be an invertible square matrix. Define g(v,w) = vTJw. We say A € R iff
g(Av, Aw) = g(v, w) for all v,w € R"™. Your goal is to prove that R ; forrs a subgroup of
invertible matrices. To accomplish the goal complete the following logical tasks:

(a) show R is a set of invertible matrices,
(b) show I € Ry,

(c) show if A, B € Ry then AB € Ry,

(d) show if A € R; then A~! € R,.

Ry = { Ac @™ | QY Aw) =2 w) Yywel"/
@ul-l o (AV, Aw) = 9 (vyw) &= (A—V)TTAW = vT T w
S VIATTAW = Vv Tw .
Howwer ¥ heldr YV,w e 7 hena we My rele A
V =g and W= ﬁﬁﬁwﬁfﬂj }:f/}fg';q_.:]‘_
Ths Ry = {A|ATh= J']c: R
(0.) Let A Ry thm ATA=T - O"TA) =7 which

¥ 31\".“ {‘0 EXist "ﬂw! ’b% PROE’L{;W\ l?’ we ﬁwJ A exid"f“f
But, A was arbirery henu ) ﬂ‘\c'»’k‘frc’.w W R are Thverdible

(b) N eote ]:TTI' =IJd =TI =7 . 1T E R)LT-/

() AseRr = NTA=T ond 8778 =T, Convidde,
(R8T A= BTANTAB = T8 =T = (As)é Kz.

d) ™ AeRr = ATTA=T. Let M= (A’J TA” We st sh H=T.
Observe: ATT = JA'. Henow M = (W)JTATT =(r7) Wy =17=7 >HeR: ,
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