MaTH 321 TEST 2 |

Please work the problems in the while space provided and clearly box your solutions {where appropriote).
If there is not enough space please indicate that you wrote additionad work on the buck of a sheet.

Reminder: LI is read "linear independence”. Also, W <V veads "W is a subspace of V7. If in doubt
about whether I mean for something o be o vector space ov linear fronsformation please ask.

Problem 1 Copsider W = {{z + 3,4 — 2,2+ 2} | 5,2 € R}. Prove or disprove: W <R3,
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Problem 3 Let V and W be vector spaces and suppose T and 5 are linear transformations from V
Tt to W. Define M = {v € V | T(v) + S{3v) = 0}. Prove that M < V.
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Problem 4 Let M € R?**? and define T : R?*? — R?*2 by T(X) = XM + 3X. Prove that T is a
linear transformation.
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Problem 5 Let T be defined as in the previous problem and suppose M = [ 1 & } . Find the matrix
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of T with respect to the basis 8 = {Ei1, E1g, a1, Eag} for R2*2. That is: calculate [T]g4
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Problem 6 Let T : V — W be a linear transformation and V' = span{v;,vs,vs3, %} and W =
,h span{w;,ws, w3} for some nonzero vectors vy, va, U3, V4, W1, Wo, ws. List the possible di-
?.ﬁj)/ mensions for Ker(T) and Range(T). Write your answer in tabular form as indicated
below (explain your reseasoning briefly before table) .
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Problem 7 Let W = {A € R?*? | trace(A) = 0}. Prove that 8 = {[g é] ,[(1) g],[i _11 ]}
w is a basis for W. Also, find ®4(A) for a generic element A in W.
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Problem 8 Let f = {1, 2, f(z)} form a basis for P,. Furthermore, v = 2 + z — 3 has [v]g = (2, 3,4).
\S'l’j' Calculate f(z).
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Problem 9 Given that V =V} ® V;. Prove: V/V, =~ V4.
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Problem 10 Let V be a n-dimensional vector space over R. Suppose there exists a basis B = {fis fas- s fa}
1 /’Et; for which T'(f;) = 7%f; for j =1,2,...,n. Prove that T is an isomarphism of V.
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Problem 11 Relate T and [T]z. given that T ¢ V — W is a linear transformation and 5, 3 are

- .%wg bases for V' whereas +, % are bases for W, Please include a diagram which motivates your
t iy 23R R .
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Problem 12 Suppose ¥ is a finite dimensional vector space over B. Let # # 0 be a vectorin V and
: suppose T : V' — V is a linear trapsformation. Let

First, prove W < V. Second, show that T'(W) C W.
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Problem 13 Suppose V' is a fintte dimensional vector space over B, Let x 5% ( be a vector in V and
suppose T ; V = V is a linear transformation. Let

W= span{z, T(z), T(z),... }.

Prove (or find for part (b.)} the following:

(a.) if dim{W) = k and we define the T-cyclic basis generated by z to be:
Blx) = {o, Ty, T2 ), ..., T Ha)}

Then A(x) is a basis for W.
(b.} the matrix of the restriction of T to W with respect to B(z).
(c.) if there exists y ¢ W then show Wy = span(8{y)) W = {0}

(d.} Finally, explain why V' can be written as the direct sum of T-invariant subspaces
like W and Wi,



