MATH 331: SPRING 2013, DUE 2-5 START OF CLASS. PROBLEM SET 2

Show your work for computations and write complete sentences for proofs. Partial credit is available,
but I would like for these homeworks to help you improve your proof-writing skill. More importantly,
I hope these problems make the lecture clear. Thanks and enjoy.

Topics: sections 1.2 and 1.3 of Freitag & Busam proved a bit too deep for our purpeses. For this
reason, I bring you a few easier exercises from other texts which mirror the topics discussed in week 2.
(Incidentally, these probably should have been due 1-31, but I got a bit behind so you got a break...
however, Problem Set 3 will be due 2-7 as a consequence)

Problem 13 Calculate log(—2 — 37) and find Log(—2 — 37).
Problem 14 Solve
a. ef =2
b. Log(z®* —1) =T
c. e*4+et+1=0
Problem 15 Find all complex solutions of az? + bz + ¢ = 0 where a, b, ¢ € R.

Problem 16 Let
2Re(2) _2Im(z) 22 = 1

"R+ PTRP+1 BT el
Show that (1,22, 23) € So = {v € R? | ||v|| = 1} for each z € C. Furthermore, show the mapping

z > (21,22, 23) sends the unit-circle in the complex plane to the equator of the sphere in three
dimensions (it has equations 2% + 22 = 1 and z3 = 0).

T

Note: these are the correct formulas to describe the stereographic projections from the sphere to
the complex plane. My initial picture in class was set-up wrong. I'll provide a hand-out Tuesday
from Nagle and Saff which shows you the meaning and geometry of the formulas I give in this
problem. You don't need the handout to do this problem, it’s just algebra.

Problem 17 Explain what it wrong with the following argument: since 22 = (—z)? it follows
that Log(z®) = Log(—z)? whence 2Log(z) = 2Log(—z) thus Log(z) = Log(—2z). But, then
ezxp(Log(z)) = exp(Log(—z)) which indicates z = —z. Which step here is bogus and why?

Problem 18 Show Log(e®) = z iff —w < Im(z) < 7.

Problem 19 Show that lim, o Z = 0.

Problem 20 Calculate lim,_o (%)2 or give an argument as to why it does not exist as a complex
number.

Problem 21 Let U,V be open sets in C. Prove that I/ UV is open.

Problem 22 Let U,V be open sets in C. Prove that U NV is open.



BONUS ! Your mission, should you choose to accept it, prove the equivalence of the following:

a. (epsilonic definition:) f(z) — f(z,) as z = 2, iff for each € > 0 there exists § > 0 such that
z € Cwith 0 < |z — z,| < § implies |f(2) — f(2)| < e

b. (topological definition:) f(z) — f(z,) as z — z, iff the inverse image of an open set con-
taining f(z,) is an open set containing z,.

c. (sequential definition:) f(z) — f(2,) as z — 2, iff for each sequence z, —+ 2, as n — oo the
corresponding sequence f(z,) = f(z,) as n — oo.
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