MATH 331: DUE THURSDAY BEFORE BREAK, BY 4:30PM. PROBLEM SET 5

Topics: mapping, a bit more on inverses, rotating coordinates. (this is not on the new material, that
will be seen in Problem Set 6)

Problem 51 Derive the formula for tan~!(z) in terms of the log. Calculate tan=*(1 +1). This will be
a set of values since tan~!(z) is multiply-valued unless we choose a branch.

Problem 52 On page 90d of my notes I relate [, f(z)dz to the line and flux integrals of < Im(f), Re(f)
Let C be the positively oriented unit-circle in each part of this problem. The purpose of this
problem is to explore the geometric source of the formula fc z"dz = 2mid,,—1. Why is it that
only the f(z) = 1/z gives a non-trivial integral?.

a. find the flux and line integrals in n = —1 case.
b. find the flux and line integrals in n = —2 case.
¢. find the flux and line integrals in n = 0 case.

d. can you see why n = —1 is so special in view of the integrals above?

Problem 53 If f(z) is complex-differentiable at z, then L(z) = f(20) + f'(20)(z — 2o) gives the best
affine approximation to f(z) near z,. Show that this linearization is conformal. This
requires you to consider two curves through z, and show that the angle between the curves -y, @
is the same as the angle between fov and fea. You should assume 7(0) = a(0) = 2z, hence
Foy(0) = foa(0) = f(2). I guess the question you need to think about: how do we measure the

angle between curves at a point?
PP

Problem 54 Find a transformation which the unit disk onto the right half-plane such that it maps z =
—i to w = 0. Here we think of the map z = w = f(z). Hint: read about Mobius transformations

Problem 55 Find a linear transformation which takes the circle |z| = 1 and maps it onto the circle
|w — 5| = 3 such that the point z = 4 is mapped to w = 2.

Problem 56 If # = ez then the barred-coordinates Z, j where Z = Z-+i7 are related to the coordinates
z,y where z = « + iy by a rotation. Discover the equation of an rotated equation of the ellipse
z?/a® 4+ 42 /b* = 1 by replacing z,y with Z, 7.

Problem 57 Is it easier to understand the rotated equations if we adopt a purely complex approach.
Let the solution set of |z — 21| + |z — 22| = k describe an ellipse with focii 21, 2. What angle
and translation makes this ellipse look like 72/a® + §2/b* = 17 Here I believe we should study
% = t4+e? 2. The complex scalar ¢ should allow us to recenter the ellipse at the origin of the barred-
coordinates. I hope the spirit of the problem is clear, you don’t have to follow my instructions
precisely here. A solution of equivalent intent will be accepted if it has merit.

bonus provide proof that limit of the product of two convergent sequences does indeed converge to
the product of their limits.

bonus Assuming the limit if the denominator sequence is nonzero, provide proof that limit of the
quotient of two convergent sequences does indeed converge to the quotient of their limits.

bonus Prove that if lim, e 2n = Zo then lim, . |2.| = |2.|. (Spencer forcasts this is really easy, give
it a try.)



Paostem Ser s

|ProsLem Bl ) Let w = .,L,,,,-//%)'
ﬁn ij - A =j2; e-l'W_ e-t'W)

7 4 g e
a.) ‘i%' d%y ’;_j;zrne/@ g'/e”'gaf@ = i@/ |

_ =T xX=i%
2 _]%5 X Piy2 e=s {55

1
z-w"' > =F

-19 (d@<+id“¢’)) . §de+‘ﬂa‘&" 41 = elx +xcly
3 B ) = §

2#‘11

X%y e X Sy 2
¢ "“"—""_""wf‘“-—:h e
‘ Flox of F Cr/renlohin
yCM conld hove Lj"”"{_' Khcewh € {or wwr& )
C‘.ﬂ?&’j ’H’\-ﬁ (E’JU\AH"J‘ GF mlw\a C
T derived o 90d honu
Tn any eveed, we st =~ rrerponds

4‘0 Qo V@C;AM ’JL)“Q/O( ;? WA;‘C-’A ﬁﬂﬁf
work 2T areand C aund heo Pz =

me}(\m( Lor ~Flux.



1 PﬁOﬂ'LE’" 52 umﬁmu@

/ZM’Y‘M4+ i+ c;nveﬂrw_f' +v 2 ALt ‘)La Ahf
;E Form  of F -t%r "'gﬂ, f\/.,-ﬁe e 2 # 0

i ©
n %""" B ,%)_H-H% B rn+5é-z{ml)e s |
5 - | -_— e e \
Es % ks

ond 5o we Hwd ' = rexp(nig)
3" = e (n8))r + 30" din (no)
R (3") o (3")
Givern  70d  dircosriin

%ﬁw

:Tll\

<r“'9h(vze), r“w(w@)>
] 'Q)r !%]:\ PR .

J

C{)mh:r'\,\./.'ha a'f CownsfLe ‘r‘ﬂ —

‘-H-‘-‘_ B —_ —_— - —

oA
b} M==%, f‘ﬁ: I3 = je ‘B'e’ad’ﬁ fe“"ﬂ’dy@
; 2T
- e,
- (e—arr?"_ {)
ﬂu! /:—J - -—---‘-—-— <—Sm[957 c?r(ae)
N=-g X2+ Y "
O&J.E.r o wsurl amf hao rat Flux Zeru “’l’b‘wud&. c;

B
S
L’)
oM
<
NS
W

=
fze 0 J6 = e“’/ o
o

Hem e ﬂ.e um_rﬁwf \ffcn/uf "ef-/c/ E:(;/ >
wel# § F': colf = O and gﬁ’: = )
(o

B _ .Ul vk Ulsy =-x—g £> PE R



Prostem 93

(o/} wv@/ﬁ my cx/gpma_cé heo HNot ;//MMIAG\;&JMMG-A,

ercor o A exXpPoLition  ir ok

we ‘e --/%a.ré A‘mz‘/rbur wf'h Li(.’-‘.ﬂf;-‘-ﬂ 'r—%;?,

Pef/w;ru

fU/)de;n;

Perhmpr‘ pa/ar Cﬂdfoi/){c»@: ore 'ﬁLg waﬁﬁaa;
27 = pre™?

zir

21y
f’é"’d% =—f R"e"'C:pe'? 48 = Méygf’ﬂﬁ%
% s

4
— iR @(ﬂw/ny e’
(n+1 )i !

_ /Pﬁﬂ( 977—(‘7"‘/)2. )
N € ~ |

= 0 for n# -1,

/Qﬂ,m clfl( s %‘:‘i’ )\.f ﬂﬂﬂ" g”/— %_Q a 1L Ner
2‘;;’21 )”‘l.u)p/ ﬁég QQ('" L T  want “+5 bef{:(er

ur\(!ﬂ'\ﬁ‘hm& %Luma-\’n'uhua, \.)JI'L? Vl"-:“*'l 5
So S‘pg_c,(q_,Q_ Muabé Mo  angwer T Livanst

s here ond T 3&#4-!-- danl SeL + 3.@76‘




Wa{?‘&m 5% T shedd Abimnh  Someore ﬂmﬂ’w f hove oslees
H 3 o Hype b T said show linewignhs. ¢
Con -Afm“p,. ; J’M’f’g M3 niht My /&W/fﬁé\j . On He
othen  hond , Zive alread  proved £ ir caonbirmd
Ia fhe Anetec... lo loch TFaera Sor  HhoAt

My  iondendt how wao Hr gon  h di cover
Jﬁ 'é/AfWr})a i

L (3+h) =1(2.)+ £773)h
N I —
* Fobuo ' b and mwltiplies J(’? £73,)
BV'J(/ +hir LS rerc«!{r\g (or O‘:loﬁ'\\un) bva I'P/(ia)]

d cehdu. b ex 3 R (£ C20) D uwed
0\% -’1'?‘0\\"\.1‘]5.’."\3‘::\" by r c:f:—.)P ( % — _)_)dmmrj

I we Aok B, and by han ey
be d/'/dufﬁ,oj fﬁ\-ﬂ JSomge and fu-/'p gj -1”,’/‘_9

Sarma “**;_‘f(" f,\-f@ (£ "[E..,)) . Caﬂfe}g.mém‘:"(xa}
Z(l'\«,l"t ) - A (-Ff(':bu?l’llj "F’(%a) hz)

A 2 Ao (W)

R '

Aty o (Loo)o = g [£@) +f@)(«w-2)]] _
' d — 9
'F (?;ﬂ J -
= 'Q'(zd) O{'(q)
L,"Luwf,‘!.c _(LHY)?ﬂI — 'F’(Z'u) a’?a) am/ e Cah_ug --,%Q '

G"J"”/V\M th Mw ﬂu"{:f -pcz; J'Aﬂw Z S 4




P RoB Lem '5"1) Find o Frunshrmehon whicl maps dhe  uat dich
Vs Q Ze Cl 1Z|< | ] onh 4hg r:"dki' {(\M—f—p[mr\_f, W:Ro_(w)
whaing Z= -1 > W= 0=+ (-—i} . Fund FLz)

We wikh o fad 9, ‘J,(!a{ e C puch A
£(z) = aZ +b _ (&2+l>)(f:=&+5{)
CZ +d {cz+d|?
af 27 +adz +be 7 +bd
‘ ez +-d|™
Lot a= Cl‘+1¢{-;,, b:erl:z ete. . = = ><+i~:}j

S
——

Clm) = Orian)(6-iG)(CHe) ¢ (i )(4-74 ) (i)
IC? +d I | -

(1_ ﬂ)ﬂ‘lb ) +I. G (X""l'ﬂ) -+ (B+lbz)[d*20f)

-
lez +d|®

= [, + G )een) + (ad0d)x - (0 oy ) 2+~

TG rhalx - (e, - bey)y + b bl I + D
<y i [(“acl 0,6 )4 (thd =0, d)x +( 0, +0,4)% + D
2 + (b €= b )x - 6""“"’1“)%* booh, - ""]Ic 44/""

e F = Re ) giekkil-] = O

’“\Q (Q,,\(,J\\"un absue N 'h ]\_r\d 'F\Jr N’\OS'\‘ =z E?.'-*D So  wte
Con (_‘MX/-‘(.. w.ret X 9 and  evodu o oF Z2=0 <o @x{-(g\g{-

ey "%, == o,dh —0dit bt —bG=0 (Al | _ )
-9 Q‘dl + Gl;dl-\:»,q-bzq_ =0 (% Eollawed !h-a 2=¢

Ga = b0y —bidy, =0 (2 =0)
x* v a6 -a,0 =0 ( e Pllued b2 =

/r\/‘“"s QIC-,_ﬁ a, C and l:,afz=?).1d, et 5
Remorct « T nclude +his +o fhew rhoced fu\%n)‘\‘j .



[PRoS1Em 54 ) oo apprind of 4 lask poge
,:{ Cam 08 fun~t. Nehe L Gﬂ{y ashed Ao ﬁ‘_’/l & ﬁ’tm/a

I Ada} ogh Ae o derivahon 5o It Ww/u’hy
'/LDO }'LW(/ ‘ C-I'Luxr\g,e 3@--0\!’}' 6. 6id"'" on oA M‘M .

‘Z. S b— W = (] = (':Z""Z) = ¢ ﬂmmaro-{'ur
of £ (z)

......

T read SAA  Mobiow Hrons, Ao ”ce"rcfeo S
Cfft‘fea e u.r?/l M unelen f--fmar.’md J‘%—»J!"’r [1hao |
" E = @ Ufﬂ‘ﬂ’} ore circlee on Jhe  Riemonn -Cu/w
mw/
2= => / by 2o

=> Somt poad on (2l=/ nang Ty B9

63 ;2,.-,77 ,r-;-x.e,fdl”f;,_ H“ 6&!‘&1’ 66',
_ . 0 | 2 4+t |
£(z) = e [——-—-—-—2_ 2_‘(

Considn  ¥(2) = 1;{5 s miap ko 9 (i) =0, 9(-1)=0

bt Q) = 4xb = Gei){BY = 2 9(-1) = 2l = _ %
4 H=1 2 | ? ==
Vo) = Yok 1 e LV_?- +_i)_z = Y4 (=3 5] = 2 Y3
[3(/ ) ‘/z—-l ‘5/‘.‘ f-(-:‘—-l-Z) = +—-‘;.-'L
P : Uy ti 3 -
"P'Qrk“f’*r"_—} 9 [ %) - %“ :—Ts_/g =73
I = ° 2-1 /2

. -"'"'_-F-F =%
‘ e sy
— —

- RC.:W\.met ‘ -H\j_ m,\(+
&p(%) e _7:1+17 Paot i best.

p Lk =




Produam €4 (onddad ! (& now)

B i
W= THIZ whont 7 = re*?  fir g£r= |
19 - 1! s i Rewr o hink
W= e +1 -1 —=r€ abedh @ dlirk
-i e rei@ -7 '-I"é'lg
& -G

SR ;
—are'” 4| - rzet@--e— _ive

\ = r*®

_ - (5’-70-!-9 u9) + | = 2

| V2

| — 2 e 2Zr
¥ 4 \+r~27. 6’ "**@I@)

i

{ =g %

b 5% 4 [ 2ares 0
e S

i)

P - . &3 e /
/ = LEy o =

be 02 © = 2/ =2
A (w) > 0 armied < (.

,‘f' a cleers Fhe m9 A oo
M#N-Eu’ff/ O = / = |~ 2’ = O Aew ee
|-r?t , W =
Lt oz o0 wnd Ahur R (W) ,H,, = 0
C Fabes VolusZ on e

Amee  £(z)= ;?:-4-;
=23
esired ""'5” o (i - plane



whick  mopr cive

PARoBLEM SS
{ J lhes trvns fosmetrio :
sk Fhet 2 =7 —>w=f(i)=2

Frd &
[2[=( 4t [Ww-—5/=3

obodd A

We can "H’\"""-k

’Gux.t\(.k&“c') Nnew cbfnnp}u &

Z

by we Ahinle oboud
o colloag ey o,

D a'.(/

=7 m"‘z)f_"p‘b

N

b

it S ey
l P= T E

/

2> 2' =32 L sz2'eez = 3iz2 —>2=W=3i2 + 8

Let & chedh ower werk  Suppes

W= 372 +8 = 31 (x+i9) +38
§-39 and Vv = 3X

;,(,Lmuz u =

U-5°+v®

Z|= 1 or xX™o%= |

= U+iVv

-

= (3-39) +(3x)
= 9_69 +99°+9x

= 9-6Y +19
=13 ~-6%,
? (S.u!. s T c,l.roL ’ﬂ’n}

ka.‘t\\. Sh"k'k @ ({%LJC’ ® _— P W pPost _‘:“-,.}/L._A
\e.wfna"ma v,

\ﬂﬁ ziz+c3]

henw 22 = |
= |w-s|"= |3:2/*= 9|"

Cs |w-5| =3

= 9.



(Pié-ﬂééc% 5(37
Iq-[ i:e‘e%/ ’K-w 'Za-é?cf-i‘a andd B = X+/9 a~e
relete by o rotuhon (Ao T sugpernd #e wucd

pradhe A 3 =x_{9 o reede ue’// Jay %*=’->f—z"gj
We /'ff’an..r/‘dm A& e-//-ﬁ.ﬂ' *”fj—ﬁ* + L‘a%“'

b - . - —_ : 1 +b %%—_ﬂ’; =1
g ebittohin 3 = (O = Guo- i )(R15)
L & = XTI T'@W@F +nh93/+i(cnrc9‘a—-—r,kg£)
| = .?.S;.? e Laz — (Cﬂf&ﬂ Tin 5‘-5'):- Coare O — nn 4
ar T TS L8 Tosing )
b
. CutOX T 4AnnOw XY . W G
B (;Z. bw = ;_>
C’Jf- CG'JlG 91' _ Qflrﬁwf@ Lgx-__f_ ur):1 z@,}??_
L*
= (L0 +M ks (sfh.ﬁa.r@ 8 R -~
P ...l.-‘a_______ — IWBewsp X
( & )" a® b ) i+3
Sih ® i \ o2
O fenie e
i (j 'G5t | 3 gL - L)RF 4 [Sin'e, ei) o0
e —] —_ - i in tor
- [ T b2 X 4+ ddin “”P[a'* 6‘]){‘& +[_a?+_blr_/<cj
PR og ém $7
qu;?:) b(h(i?)
T R(2)
I choesn 2, —=0=2, = un k= —3Z, RAeu ,H\e

ol looky Rl ‘:2_'-:.&..'3‘_,_ %)Q’i@. T olso  wih Re(Z,) = =2
Nt 2, b (-2+2,)el9 Let « = £ (Za-F)
i ot i Xy BmZ) ) T belin
wl  Can UR 9";"O<I bt lebd werth o+ ok o,

s



% 0BLEM SF cun A e

(onsidpn 2 = (Z'Et)‘?‘"‘t’ ("':Ar_‘& <?=_zi])
C/gar’lg) E‘ :Ca“wzl)exp("lrﬁtfg(?;'— Z‘,U = O,
oA e/ -2—1 ﬂ(?z-"z‘} ﬁxP (--?:P\F"g(?z-za'))

> Z, = 122l exp iRy ~2)) op (-1 (2-2))
o, = \2-2] ef©
(

Nd][g A, zZ & @ I'f- (2'_";2;/"‘"["‘?“ QLZ:‘Lf
Feons dorom, P whT 7

o =1 A (Et_ql
Zz =(2-2)é'"™ )

ﬁ ein\'?}(at"a} = .Z -"-"'-ZI
ol ‘Z & ?I‘}'EE‘)?J/ZFA{& (Ezﬁ?I/)

MNJ?
12-2,|¢13-3| =h

,.-_i_> \i‘e?h‘g‘?’rzljl + l 2’1 ""E-,_"!' ZHC’W{"A@ (Zl-zh’z .:-’é

I S A T A Y

5 2\ + ("i"lzrzil\ =k
A
% 4i8] =k - 12 -12.-24]) d
—_—1 =2 _ s ———i 2
X+4%" = 4 - dh|ZT- (2,204 1% - 12,2
K4 = ke ok FIFT K5t
7(+}'5/= k" ~2n g -9 5" + ﬁ/?'-w“cd d® 1{@/

Ah JF-gyiepr = K= 3Kd +d* | X
(R-df 7™ = 4o, et -9xdedY) = o lesed V-3
1k +9x d*} 7




Prblum 7 cmAWM
2 4 g
craxd it = [ d - e ) 7

%
glkdyd ) o W g ®

PR | 2 =/ z
WX(’%)*"(M**W’" 7y
2 — ol 'R"“——-—-‘kltd b FAL T
7 o x + X - — -—%ld -
* 2
‘-_:.'{ﬁt_r | — A:a
\___..-—-————-—-}__.--""_"' L_.,,.__—_.___E___
A8 C
2 2

(x-8)° Y __ =1
— o> c+6
=0 —
at &
¥ - 2
< -6 + 2. = |
a* 6*

= alﬁ\ﬂb(%.,, 2)
i = L:&-_Zl‘e - 3
e oo 4 el o-lad
o 38 d( LK—-""/u‘) - 3



