MATH 331: TEsT 1

NO NOTECARDS, BOX ANSWERS, SHOW WORK, THANKS !
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Problem 3 [5pts] Show that cos(z) = cosh(iz). Differentiate to find a similar identity for sine and
hyperbolic sine.
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Problem 4 [10pts| Derive addition formulas for cosine, sine, cosh and sinh. To do this merely show

sin(z + w) = sin(z) cos(w) + cos(z) sin(w)

Your proof may assume the identity e*t® = e®e® for a,b € C and should explicitly involve the
definitions of sine and cosine in terms of the complex exponential. Once that is settled, write the

other 3 addition rules for cos(z 4+ w), cosh(z + w), sinh(z + w) by using the identity or technique
of the previous problem.
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Problem 5 [10pts] Find all z € C such that sin(z) = 0. You are allowed to assume knowledge of
the zeros of the real-valued sine and cosine. Please provide evidence to support your claim
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Problem 6 [15pts] Find all solutions of 9:4 = 8 +i8+/3. j r 5
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Problem 7 [20pts] Let f(2) = e*. Show that f is complex-differentiable at each z = z + 4y € C and
the formula is simply f'(z) = e*. Hint: use the CR-equations...
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Problem 8 [15pts] Let U = {z € C | Re(z) > 1}. Prove U is open.
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Problem 9 [15pts] Calculate J Zdz where C is the positively oriented unit-circle.
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Problem 10 [20pts] Let I denote the figure-eight curve pictured below. Galculate =Dz
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Problem 11 [15pts] Establish the following result: if P is a polynomial of degree at least 2 and P has
all its zeros inside the circle |z| = r, then if C, denotes the CCW-oriented circle |z| = r, then
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Problem 12 [15pts] Factor f(z) = 2% — 32 completely.
(use of polar form fine, for example, can use (z — v/2e™*) and not simplify to (z — 1 —1).)
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Problem 13 [10pts] Suppose u.(p) = v,(p) and u,(p) = —v.(p). Given this information alone, does
it follow that f = u + v complex differentiable at p? If not, provide a counter-example.
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Problem 14 [10pts] Prove that %z” = ¢z°"! where z° is defined such that it is complex differentiable
on C_.
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