MATH 332 MISSION 1 (SET-THEORY, LINEAR ALGEBRA, INDEX CALCULATION

Please solve these problems on other paper and clearly label each problem in the order which they are

given here. Staple your work in the upper left corner with a metal staple and do not fold. Please show

work for full credit. I am interested in the steps. This instruction applies for the remainder of the
problem sets and it is assumed you remember this. Thanks!

Please do your best with the time you have, I would rather get two solved problems then none. Also,
notice some of these problems are very simple. I marked the ones that I suspect take deeper thinking
with *. In this particular Problem Set, many of the problems are little more than understanding
notation and doing a simple, short calculation. Also, remember your calculus III, to find vector from
P to @ use v = ) — P this is especially relevant to Problems 1 and 2.

Problem 1 Suppose a line £ in R?® contains the points (1,1,1) and (2,4, 6). Describe £ as follows:

(a.) parametrically with parameter ).
(b.) as the solution set of one or more equations in z,, z.
Problem 2 Suppose a plane P contains the points (1,1,0...,0), (1,2,0...,0) and (2,1,0...,0) in
R™. Describe P as follows:
(a.) parametrically with parameters o, 3
(b.) as the solution set of one of more equations in z;, T, ..., T,.
Problem 3 Suppose 8 = {1,z—1, (z—1)?} is a basis for polynomials P,. Find the coordinate vector of

f(z) = az®+ bz + ¢ with respect to 8. That is, find ®s(f(z)). Furthermore, suppose T': P, — P,
is defined by T'(f(z)) = f”(z). Find the matrix of T w.r.t. the basis §; that is, calculate [Tz .

Problem 4 Suppose X,Y aresetsand V C Y and U C X. Let f : X — Y be a function, we define
the inverse image of V under f by:

A V)={ze X | f(z) e V},
likewise, define the image of U under f by:
f(U) ={y €Y | there exists z € U with f(z) =y} = {f(z) | z € U}.

Given the definitions above, calculate the images and inverse images given below ( find the set
which describes the image or inverse image and if possible identify it geometrically) :
(a.) if F: R? — R is defined by F(z,y) =y — 2> — 1 then describe F~*{0} as a point-set.

(b.) if G : R3 — R? is given by G(z,y,2) = (z* + y* + 22, z) describe G~1(R?, k) geometrically.
What condition do we need for G™1(R%, k) # 0 7 (assume R, k € R)

(c.) let X : R* — R" be defined by X(s,t) =p+ sv+tw
where v, w are linearly independent n-vectors and p € R™. Describe X ([0, 1]?).



Problem 5 Let T : R* — R™ the standard matrix of T is denoted [T] € R™*™ and is defined by
[T}i; = [T'(e;)]; for 1 <4 < mand 1 < j < n. In matrix notation, this definition is nicely written
as [T] = [T(e1)|T(e2)| - - |T'(en)]. Use the given definition to find the standard matrix for the
linear transformations given below:

(a.) Ti(z,y) = (z + 2y, 3z + 4y)
(b.) Ta(z,y) = (z +y, 2z + 2y, 3z + 3y)
(c.) Ts(z,y,2) =z + 2y + 32

(d.) Ti(z) = (z, 2z, 3z)
Problem 6 Calculate the composition T3¢ T, T} in two ways:

(a.) from the definition of function composition (T3 T T})(z,y) = T3(T2(Ti(z, v))),
(b.) via matrix multiplication (Tse Ty T1)(z,y) = [T3° T2 Th](z,y) = [T3][T5)[T1][z, ¥]7.

remark: this is why the product of matrices is defined as it is.

Problem 7 Let A3 = {A € R¥3 | AT = —A}. Find a basis {fi, fo, fa} for A3 by writing A =

a b €
d e f | and studying the condition AT = —A. You should find dim(A4s) = 3.
g h i

Bonus: study the isomorphism ® : A3 — R® defined by linearly extending O(f;) = e, if we
think of antisymmetric 3 x 3 matrices as vectors then what is the geometric meaning of matriz
multiplication for Az ?

Problem 8* Suppose P is a paralellogram in R? in the octant with positive coordinates. Furthermore,
define P = {7, + uA +vB | (u,v) € [0, 1]*}.

(a.) find Area(P).

b.) define L;;(v) = (¥» ;) Z; + (U« Z;) Z; and prove using properties of dot-products that L, is
i i) T 7
a linear transformation. ‘

(c.) assume that linear transformations map parallelograms to lines, parallelograms or points
and use this presupposition to establish the following equation:

Area(P)? = Area(L15(P))? + Area(Ls (P))? + Area(Lqs(P))?

Problem 9 Let ce R, A, X € R™" and B € R™? we define AB € R™? | A+ X,cA € R™" by:
(AB).EJ' = Z AikBk:j: (A + X)%J = A-,;j + X.gj, (CA),;J' = CAij.
k=1

Using the index notation given above, show (for appropriately sized matrices)
(a.) A(B+C)=AB+ AC

(b.) if (AT);; = Ay; for all 4, j then (AB)T = BT AT (socks-shoes identity)
(c.) If I € R™" such that I;; = §;; and X € R™ P then IX = X.



Problem 10 It is convenient to introduce some notation: the Kronecker delta is defined by

e 1S Nif =y e L
Oyl = 1 z J Note the standard basis for R is nicely described by (e;); = d;;.
Dt it g
It is also often convenient to introduce the completely antisymmetric symbol in n-dimensions (the
Levi-Civita symbol);
Cirig.uin = det[eil |ei2| = |e‘in]'
The formula above means that €12, = det[I] = 1 and all other nontrivial values can be obtained

by swapping indices. Each swap changes the sign. For example, €193 n = —€0213 n = —1. If any
index is repeated then the antisymmetric symbol is zero.

A popular convention in physics and some math is that when an index is repeated a summation

is implied. For example, A;B; = ), A;B; where the ), ranges over whatever is the accepted

range of the index i. Let A;, B; denote three-dimensional vectors. Verify that

(a.) A«B = AIB,,
(b) AxB= AiBjeijkek



Misstorns 1+ Seiurzens

f"’“ a tie L in B antrins (441) aad (246).
(2.) Pwame+ffca~u‘a : PQ)= (I,I,J)+2[(?—;“‘,’,6)—-(l,1,1)]

CF(R)= ([/';’} "LX(!/ 3, 5)
@\]: (L+2R 1+34, H—S@, a[’z ?(l?)'

b. X = |[+A -
( ) 9 = 14‘32 g — K = Xl = ———-—”hf = = )
2 = [+SA

3 5
g’;’f&,w“\ xoi= B o L3 7 )

PRoBLEM A ?0 a /7/6\&2 wik (!, //0/-70) =€, +6, = P
2l
Ond (’,«2/ O/ -;,0) :ef‘f'zez and [2[14‘ O/-'yoj':“z__(e +& ';\//?»

(a.,) descerbe Oa')/ot\rmmb'}//réa%_w;%/ﬂawm%ﬁf Qf,[?
Pl«,g)= P+ (@-P) +E(R-P)

e S

e

gt %cwg\&r of Anie "\'Udaa Thie
J5:‘\:\*,1 CP(O/G)"'F; @(\,0) = Q/ Plo1) =R _
wll pacanedvize  plane W re"
I P p c
wikh e At P QR of puinche.

Rl g) = (St £-e)r¢ (2546 -¢-¢)
o p) = ¢ 1+, +x& + g€
Up{d’f?) = EABi el Sty ODJW?

(b)) Clerly P is sl of (X, %, %) €7 such et
(%, =Xy = = %0 =0,) No cendihin 13 fourd =
b X,,Xz 00 X."'"["L?/ Xe =1+ ineli el __?:__@
voluey  oee Q.J%m@onj o) @ oty ader <.




|PRosLem 3) g =41, &K=1), (x=1)"} o bosy e P

T §€ («f{x)) e f(x\:mx2+6x+c . @f’fof Find [T]F’F,CM

e e wany v LM add e | THIS
Fix)| = aole =1t l)z 4= b=l 1) +C
0 [(X-—t)z-{-— alx-1) 1] + L(x=1) + b+ C

=
—

= Q(X-I)Z-}- [aa+b0Ox-1) + a+b+ C

= (B 4w = (orbre, 20b o) /

: A A
£04) ,,
,g,\w o Hbx+ C § 6‘/
2a. = T (f )
N

o\+b+c] [:T] A )’
SR
2 : OJ {!(‘HU]F

1% r
Ri’ 2

o C B a+b+C 2 b,
0 (e ) a 0

——n—

Ve

.\_ | PU\%&{( ap?(d,,\d,\

/N b |q—' NG e ”2



PR Qé)m ? Car'n'f?'fw\élj

r’-» Ot b(x‘i) .

g +c(’~t)
71‘/ > | 5
/ = \>

a.) F (X9 =4 -x*-
{0} = MNW o f“"“’” ”‘”'“@

e e e e
b) G(F k) = [wwa | Gus= (0]
! = {(xtoe) | (><‘”'+“<’12"*%Z '5') 5% k)]
WQ\F\E@/«J Oz k=R L/ Jﬂkfffqﬁm&w_ad
G—l(P\Z,k)7é¢ ) ho i 2endod plong, ,

) ——
2

e T O e T




Pﬁoetﬁn Yo / 1%5‘/1'}’} X ([a,/]z) e Xlst)= P+ sv+itw
e {V/Wj Is LT set o ”Vec_i{"m?w o k" (Z:[@z—a/ﬂ’zﬂ)
X(f"’f’jl) = {X(s/;f} I (s,4) e [o,(f}' X (1,0)
{Pesvedw/| osst=<i] «/T / x(11)

T4 Wesr o Po\(a\jﬁz% —2
?) X(O/G) ww (o,t‘)

< (Hriney D ioke, o 12" s P

e catten ok TP,

EOROBLWV\ S‘LF:“"(/ fﬁ‘ﬂé[wg/ ?ﬁa%//;{ a% ﬁ’?&;{)f_ 66/’#41

o1 = [5253] = <] <[]
(b) TL(K,Y) = {;j?\z] :x[i]-;—‘{)l;] = ﬁ‘}‘a] :F ZID
3%+ 3% 3 3 33
() T(xv2)= x+20+3% = [ 2?3[?} = Lﬁs]: [V 2 3]]
; z

(d) Ty &= Fi] = XH = |\[m] = E]

3%

) (,uJLuJbu Ulv\f’\PO_f‘l)'"ov\ —E,o"[; a’T: in __{—21_9 MUS:

() (T3UT; 3 Tl ) (%) =15 (TZ(X“'Z‘O) 3X"‘L{‘0) — U=X+2Y
2V =X
=T, (u+v, zU+2v, 3urzv)
(V) A2wr2y) + 3(u+sv)
Mu + I4v

l‘l(><+2‘ﬂj + 1Y (7x+49) ‘@(-ﬁ-g‘f‘él

L O V|

() (e T T )00 = EBI0RATI[ ]

gt }f/ =t [0 8 = o

-VV\\S = \Y(x+2y)+ WY (3 +414)
= (S6x+ 610 )




L(PRO suem 7/ Lot Ag = {Ae ﬁ?xe//ﬂrr:'fq]  Find besy fs ﬁ)j

a b ¢l a b ¢ a 9 9 ~o. -b - ¢
[d e fJ =~—\d e P] = [b e h}:l»dve -+
i o h i N R P

Thw, Q=-a, ©=-¢ ixj > ase=i=g.
and cj:-é; 9 =% h=~f s we Hnd

B b€ 6 \ O oo¢ | 0u o
F]:_bg.ng_,00+coau+faa,
-¢c -f o 0o d ~ vy a-lg

ﬂlusl oOs LI Jﬁ //52\12 A//OWI}}) .Ce/l[ lr Prc—/%; @5;/;?%
= 15, (e, BET7)
C oo 9 ~{ @0 0 =-| o

JPROBLEM @ fuppm P s Par%w« i /8 14 % %92 >0
Ucﬁm{, Fordboemee, P = {T, +u/-'\+v8 I (u, V)é[a q }

e — e e it

K

b) Ly Frei) = (Frei)eR ) Kn (O B2 )5,
< ('\;‘.Q; Few Q‘)f? + (Y}'X ‘CW’%)%
= (V- X) K + 075 + (%)% it§)
= Ly @)+ cly(®)

Thws .& : l?"""ﬂz € a lnear "f‘T’AMFfmeM/

e



ProgLem & cn W
(C.) Show AcenlP)’ = Hrea (L (/’)/2 + Ara. (/_3///0)}+ Wi /LZ? /P))z
Short o A Ofever ﬁfgﬂ/‘m&\.x‘t-,,, brite Hoeeo —

TR W DR

B8 = <@. ; 82/ 8'3>

A)‘g - < AZGJ:; "'A'_:;GZ, Aael-p\ta?g ArEZ*A?.-—el>
le(ﬁ\)"' <Awp"'/ 07 Lm(g) :<Gl’ E’Z’O>

L, [R)= <A, 0, AsY L, (8) =<8, 0, &

L7'3 tﬁ) 5 <Qj( I—\""l P\3> a L2s (@)@"—"—{O/ 67‘/ 83>
The sidso a_ﬂ. Liz (P) oce Ccr)-\\f{’/h b'@ Lie {Ps) e L. (8) -"ﬂ'\‘l‘{}

Aea (L (00) =L, (R) xL,, B)]
—.—.“(P\UP\% oy x < 8,6, O>“Q
=|| <o, 0, A8, -AG> [
= (Axez’_i)\zgl)i

| tvwice, L (p) heo  edoe Ly, (R) Lg (8) hemee,
2

hre [ Lg () = [| <A1, 0,855 < 8,0, Bl
= \\ <O7 A3B' -Aleﬁpo>“
= (p‘ga\'f'\\es)z,

And of concce, Los(P) hew edops  Los (R) ) Lo, (B) lf\ef‘nc;gj

Aees (L ()= Il <0, Ae, Ayx €0, &, &0l
5 “ <A163"A3829 9, Q>“?
= (A,8; - P, ea)ﬁ

/HM*S-/ a8 Hfix§\l?’:(AZ@?,A$BZ)7’+(A3@!-—A‘B?)z-p(p\iﬁé__ﬂze‘)z
we find )(L\«Jt J(Ll cleow T ¢ Frua,
% b
2 Lgy(P) Remock : Ahis is
L;, {ﬂ--—-??ﬂ % Y olfo Arue sa +wn
£ A imensivs (U
X 1 = er_“’} o ﬁ (i)




[Proerem 7]

(q) Show A(B*C)‘AB +AC H- /qé'//? 8({”
(h(81c)); Y Ai (81C)g oAl i

‘Z Al (Byy ’rCu') : def® of mat.(4)

. Prop- of
= z Aﬂx B“b " i p\nk Cu& “ﬁh?ﬁe i
@‘B)ia' 4z @\C)id‘ ¢ def of med mwh
(h8 + Ac)y © def™ o med ()
Thee Wlde Vi henae  ALBHC) = R +AC dm%‘eal%,

(b) Sho (A= 8'AT et AT GeR”

.......... e et e T il

Je) 7@& == (it o
= ni As Bui > def” A e ol

i 6;41 A/ak 4 FGNQ 'ﬁ; M\Jv ’ CHMML\.%
=i

= i‘ (81‘):'& (AT k} : OlC/(t d\l 4)‘(;\«\{#4“
Vt,yb (F\B) T

—"
-

Ay
) T Ie72""’:f I,J*S, and. XeR"™ fun T X

L&)y = 2 B = g 6Ty = Ty

/\l'\.ug IZ e X’/;, ‘ &



Paeatem 70 ]

: = A £
6\&; = {OI - :;g / (ea/ﬂ' = CY'J f//CA 0/6‘/‘” -A\/ J’?ﬁn(fa;-g/fwfk

ST OM[Q'} /ef}/m/ez;.]

(&'} =B = AIB,*AQGL—FA;;B} = AB

i v
l-—_\y_n_

iiw-?:ﬂ T ﬂ&“}é‘g‘,»?éag‘g“ ;

[6:) Ax8 = Abeue,
= AB €:5,8 * /],z@éﬁé ezr"’”ngs oo e‘f+2

M8 Gl + A8y e + A8y 6,

= Alﬁz €23 65 + A, 6, €32:6 + /é)z G, €6, T D
>
Cﬁqz 8, &6, + A G €, 0, + Ay G, €3, €

3 (A8.-A.B )e; + (A -n3,)e, + (A6-A.6,)e
— A8 - As G, ABQ,—A‘GE, A, Qz_Azq>
M 1T ueed

Siz3 = S2g = €3lz 7 ol
= = €7 = €3, =-|

272

M\M( C\M ‘3CD“uuu ‘F"am {Jfopf dﬂ M@ﬁ‘ﬂmawﬂfﬁf‘.

r":btfﬁ &miju} ’FlleihD ‘ Fau'( a‘ C“IUMﬁj %«’/N’(HEM mﬂ/\U"J ';7
- OQ.P/_ES [83 elleg]: - M[el ,eL{e;J = “‘j,
| TN

I

&

22



