MaATH 332 Mission 8 (BaiLu’s EpiT, DUE 11-13) ]

Problem 71 Suppose {a1,as,...,a:} is a linearly dependent set of dual-vectors over a finite dimen-
sional vector space V. Show that a; AagA--- Aag = 0. For your convenience, you may assume
that a; = 22?:2 c¢ja;j for some constants cp,...,c; € R.

Problem 72 Suppose 7 is a p-form in (V) where V is a n-dimensional vector space over R. Assume
p<n.IfyAe! =0for j=1,2,...,n then does it follow v = 07 Discuss.

Problem 73 Finish the proof of Theorem 10.2.6 part 3. In particular, show: for smooth functions f, g
on a manifold M with coordinates (z%):
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here I omitted the point-dependence for brevity.
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Oz

—a%;(fg) =_=g+f

Problem 74 Let F(z,y,z) = (cos(z),sin(zy)). Calculate the push-forward of X = ad, + bd, + c0,.

Problem 75 Let SL(2) = {A € R?*? | det(A) = 1}. Find a coordinate chart which includes the
identity matrix.

Problem 76 Suppose BT = —B € R?*? let v(t) = €'® define a curve in R?*2. Show that + gives
a path in SL(2) and express the tangent vector to the path at ¢ = 0 in terms of coordinate
vector fields derived from the coordinate system you derived in the previous problem. To find
the tangent vector to the curve you should push-forward the derivation fﬂa in the domain of the
path to dyo(%|,) € TrSL(2).

Problem 77 Observe x = (0, ¢) gives a coordinate chart on S2 = {(z,y,2) | 22+ y* + 2 = 1}. The
inverse of this chart is given by the patch x (6, ¢) = (cos @ sin ¢, sin fsin ¢, cos ¢). Calculate the
push-forward under x™! of 8 and &, in terms of the standard coordinate derivations 8, 8, 0,
the Cartesian coordinate system (z,y, z) for R3.

Problem 78 Let a = ydz + 2dy and 8 = zydz A dt + dz A dy. Assume that z,v, 2, t are independent
Cartesian coordinates on R%.

(a.) calculate da

(b.) calculate df

(c.) calculate a A f

(d.) calculate d(a A 8) in two ways.

Problem 79 Use the table of basic Hodge duals in my notes extended linearly to prove *wgy = ®;.
Also, show that *®; = wy.

Problem 80 Explain what vector-calculus identities follow from d(da) = 0 and the correspondances
df = wy, dwp = Oy, 5 and d®g = (V - G)dz A dy A dz. I did one of these in lecture.




Manizp  ANISStars & Sorvnion

28
, i
!Pﬂaeéaﬂ 2/ { Y“PPJK 0(‘ - E— Cao(,'a Hor Jormg Cj'\f‘{'hﬁ-‘{? Cz}.,/
(_or\.“irb\/ (k

Cu é”?.

N AN, = z Cé%é)ndzn._.f\o(n

17e
K=2

—~—~T——
Cp Xy Aoy N+~ + Cg KNG NG An A o Hmk €, X, A Ao A K A

C, pAsn -ad, ~ ¢ %né‘,na})nu!\w(u.p I (-i)lé;ozc,nun x,‘_‘n(o(nno(k)

= 0

AS 0(;_{\0(1“:0(3/\0(3—:_-

T assumed Ao «np =(~[}f?'€no( and OAX = ©
o show Thoag

- = o(ut\o(n = Of ng{ ONX = 0 s ra,by“_(\_,a'

RE,MWI'\ .
e re u{fcku(-a, J‘/zown elre w/'\w ) Can
UJ’H:ICJ 'M/'O b“.r('c. “”fl‘fffmnlwvl"f;qa af 6”1? e‘! Cfl}f//"ZW{‘;Ur-.‘b ?

PROBEM R Sppose ¥ = 3 #liis, €M nenone

7 R -

(/ ) Spe '/e/"?e } and n=p fu/o,vof-( Ynet =o VQ'E//V,,
doesr o7 A//Uﬁu 3/‘:— o 7

No.  P=n thew TV = e'ne*n--ne” hw Ymeﬂv
however  clear L\] , Y#0, T P<en 4 the gueshon

V‘e,q(uu\'&& MarfQ 'W\Ouw&f\t. Cnsidon P = \/

n .

v n £ :
Yaet = S Y, etne? = ¢
Nota, einet #o whan L# ) (Nswmﬂ\a n=zz)
Anws we obtuin Vi =0 ¥ i#s juk bea o figed ef.
Buk, welce OL\NM X JBG:IN,, Pea YreT =0 hewa
Yne‘“\ =0 = YQ',ZD o wll nona /Y;:O \o(fe/N,,

pand 4 Bllows Y": o. R Sl;’“llmr{&nﬂ s g anou};hf)/



PAOBLEM 72 Con hqmj

mau; be 3(\'% -1[0/ ht%\v{
wzﬂ A mo«/ﬂz('dp(p( /’MUIA

and F Yne? = o Yi=l2, L n.  Con pdu

B/Ae'j'——-ZYIe el = o

Ted

Moreove, elne? 7ﬁo‘f for M Ted, for whih j¢ T
Ty %\\Ju YI =0 Hr oM IeJP w A /6@1_ Letr
be wn Ueke ond A A= to hegm We et
B NE S ?fx = 0 M T eog? for ek €T
(sidos ront  ¥ne'zo = ¥ =0 VIed rtzel
Ahem  onhave  Jor 6-22/3/ N and we ab fin TI“—‘ )
for S T e hd contuindg 2,3 -0 Medpechve.

N meme s cHehpn Teveddy i @W f_\ﬂ Te cﬁp
s we  ansida M Ldlrthqr:) of M the canes honc

Y. =0 Y Ted, . V=0

Remork: T Jhe N, R whick ]/neal:o Hhir
\5 Hr'\‘&\'m\ua net_ e.r\ou»n’l\ dota ‘o forw Y=o0
w0 we  bdnin e Wfor mehan whek Yo Wil
2¢€ T




PROBLEM 73

2 _ o
Shos 50 (F9) = 2L gy £22 4,
Y=(x) o cvcdinete chak va o« renifuld 77

RG (G-de/( //L& ﬂaﬁ“ﬁ;h ngor IJrudF' ’F ﬁ’: /0 2. é We tee
Uk',(.»l"‘r <) Ul" 1(:/- Co-/lf-!f;n-n Cﬂal’a[t;w-@ dn @h gined X = Cx)
Mrom o ARl nefrfn, he £: 0 —> R

B0 = Z x| o e E[e]

Metie £ox':R"—s M ————)/[2 S fonchon  Srem //?T_"“’“//Z

hen « ord:ﬁma ﬂt/flej difterenhatica mebso sence. It

gt dicechin ol oliffvedivhin h the 1™ wordiide direchin =44
With oM Ahe W i C.or\.rl;o&/\/

litlen 5 [t »
2| fexhwam b ) o ~]m D,

(:?w(({l X ) (e, u )}(OJ X! JWwiu "'(-an'){w 5 °X’)(MJJ

= [ xAm]| sucitxm) s fcte) [ 26 J]
* X(#) X
34 () MY+ f(p) —5‘0'"— (¢)
Honw, oo Anic I”\"’M‘ VP
? _
_:;;(Tk'(:%) - "'—cﬁ+ '(: 'b)('

HJU\L )(\n\l \,('u_a S’]’QP uuo:r, V""/(J J’U‘de"( I L\QPC/ iHVC
0 din ovy (J(‘mluwﬁ' rede Jor PM’H‘J dher Vot ¢



PRoaglem 2Y

Lot Flxyz) = (coslx) 5”7(?0’/) (U v)
(ol ol 1 PWA borwed fr X = a dx -f—é;lf +C9}
/xﬁg/u_ we o ff hnrr o, 6/ C e Congfunds

C/E(X)‘:J_L/Q v U 2 5, g
odx ou 2% a\/ Y 2u 39 2)’({/&% 93,2/

= & (-gin{x) Iy + l@(a;(x‘f)gv) +[7(03“+ Kwr(xv}JV)i-C(ODn-f- 0%)

= l—as;'n(x) du * (49 tor(v) £ bx cortey) )d, |

Mo, X2 are evnlowtid of P =(xy2)

oot ety 2 3] st

undinshnd  dF, T — T R°

o | Fip)
“ ownr  Mmada ats/’eq"ﬁ/e }'\D/\E s J"“J}_ S
Csmp wfvdn ( which (r bcxec[)

[Prweton 75 | 1t SLG) = JAe ¥ debi(a) = 1.]

F:'hJ Uao/c[/}\wﬁ. (,Aw-f‘ on §L(2) whete dlomain Qs (1 uddey (! 0}

SL (2) = .; [‘t’;] l &A—bc=l}

We qucfk Jn: "\D-V‘e b‘-‘ C =20 'l\f'\ ownr CL\L\F}' ol,(.\Mou'h, Jo
we  best etk Aovid '\)n b o C. T'l l“"’h on O w-ﬂf d

__ |+bc
0= for  d# o0

LLJ\' ’X(&S) s (i{l+b£) lD C.) e.mr ’ﬁ’r’

c

Cl:?'co X cd\\'u a §grwodt c,k_kr-\' u-wU uuvh\ A _m,\d(j_ Chadk
Matg Vg oaer  Auuko \@CJ_ Pﬁr\ﬂuwu?/ T\U\"ll.o. X (s :\\Jg_d\\/e

a b = b -1 T -
x()= A 3) > e = (U,
D bl D g f e ded,
wre unlg.v-c[? Mgrm&( ﬁ-a b(c,cﬂ s wit b SE(2).

Fw//LwL more, 4,4



PROBLem 5 conturvd
i — /a6 b
yvu Conld olfo /Lawé U.ﬁeo/ _?é/c_ ‘// = /5/ c, Ha c}
(ot ad-be=( ded= o) pohia s jechivih

we owld aleo exhibiy Ga thversn

27" (x4,3) = [ > ]

M°M0MLJ’ {‘e.ff/co/‘l;m re eudy X (l, 2) spot awd 9 F— (foj

/e
Now, "o reg/m'rw forme %au.é{'\ft
|+ bc /X_b
[[?/C/ o ):(X/%I%) o=
\)%—. 1+ bc
Hem 0% T—[-Fbc =[+X9> — g = ltXx9 *
%/
v 0 _ l¥be _ X9
&‘\ / d - o - Q'{-x‘fy% ‘5’ g-o/

EE—!(K;‘L%) _ [%—(\4\—;‘?)__{ ;; }

Lets chedn :‘\'/ fe zZ#o
exg) ) X \

E(E wn) '-‘-E(i@ =
(%,% Lexy )

7 R(vy)

1)

- (K/y!%) .
NJD’ Jeh (E_‘(K‘\r,%]] - Mi%u:{ﬂ]’ ’; l: X9 -X9 ?/l_




Paolem 7§ onfrhued
) 6
Anettar ’//A‘”w H[/(fa/ = (b/ < J/
,Cor (:’j)é _Q.(Z) F:r whidh 5/7_( 0. %(} e c/ewé_‘
M\jeoh\/( Ar— Ca (J ) [C :) é fl-(l} wryl\ Cl,/ 6{:, # O

%/:J d,/) %(c% oA, /

WM o.bd'-){— Q, , Qv 7 med‘\?f;
o,d =b ¢, =¢ and ad -6 G =

I Cl/ ‘/!){ :{61/ G(IJ"/
::6,_, C':C‘f o/‘ :g’_

4y

(

{/Lm(l/ Qz = {'be CI — _[_j_.—igf— = az_ ACJ’\.C& f>& /)?/fec/ﬁufa-
T d os
MU&'(.WQ,/

’)U'{(b,c,af) = [’Eéc[/ j]

ﬂw e-re 0/0»51[[9,., cﬂu CAUr@_ I JA"nA
T e A bust hr de popoeo of 76 VoA,
V(L 72) = (o,01)

axt .
(Prosvem 76 ) Assone B = -8 4« 8e 7 an oletne

Y Hl=eptt8), Cusile dob(op(#8)) = e (Frue (£6)) = exple) = g
echee, Y e SL(2) VEER. A ¥lo) =exp(0] = I,

Observe BT - -BP \sz 1S r.;.,H,\M bur\'.,\ﬂ,
LGH G, y- - ‘__{-Bu 341} =) 8“ = Bzz =0

fy En S G, B, =-8,
2

o, st @=[0 O] wilhd L o gmenlidy



]

Prosiem 26 oatinued

Vi) = et [ f])

— o (4¢7) T [e !
&= A p*plc2 ?
T+ 46T + 2477°T + AT Ef_j%qjt'” ) You
check
= I - 4 L4 .'*,,__ i)
(1 L te) 37 ) )+:r(i€~-3‘—{(w)i_-_) :r:—t'“I
= T tes kg + TSn‘n(H( ;Jz -7
— [es :1'(3 f"“Ff{'] m“:,,],:
[“SI"\F:\" Cpgfi‘
a X
I/// uLe ’\& v 3) = (X/ ‘9/2) 74)/ ons SL(2) cho At
hane 73:7—‘0, We Aunve

_ wi(kg) sin(gs)
v = X—:rn@’;) (k) }

(Xo Y/ (1) = siapt (XOQ/){/;U = Barpt
(900) (#] = —singr (9 0) () = —@eapt
(2sp)'tt) = gsnpt

(3<0) (4] = cosrpt
L d(z7)4

Thos,
AL LR & A

= etk - el ]
29 (o

T we ;rk@-wij? %L = [ZOIJ el "a?or :}:O 0]

Ao, d 7, (;‘é’/u) > [‘; f chich o nof
bl ity ) glewely 2))]- [ w10

2
°z
,1‘” T

iy wLm.i’-‘-O_



(/)/?oeLEha 77

X = (9/ 9” g ives choct for g = f(X,'-:,z// x4yu2®= f]

N"‘Fl"u. %‘-f (91 45} = (CDJ (9.\7}\?5/ Sen G,ff'ﬂqé/ Cor g/()

(a/(.w[uzz
] PW/\ = forwed  of %G %¢ undin X K
2 X 2 , 2% > | 22 2
0/9( (%} = 20 2X 26 29 26 2
= ] S'mGJ'mq’D-— + Gs B de’ >9
2 X 2 0y D 22 O
1 - X — 4 . =
X (345) 56X T 56 29 | ¢ 22
_ | 2 - D EE)
— (w56 cu:cﬁ_;)-(— + wqﬁﬂneg—? — Sin ¢ 92
ODP.S/

ek , g(unlt ~ed b gavedf S|'h9/ J!‘r\qg efc...
+o (or lesian Loorc(rhwt'ef < 9, Z - uafun, ro, fonl fear
)(Ls_ SP}\U‘Q € =

l hen a
X = c«:e:fngﬁl Y = 5‘;\9_”"n¢ 2 = Cuq{
Xr4y®= sn*¢ < snd = W NEa
0 0 ¢ T AredPrieadly.
Also ¢ _ Han O
x
OL} X = (e5D sing = Wi Jx*E e O = Nea
“lio, 9= SO ShE = 58 (xyz > A8 = \I_ETW-
homer, (oxthr amsmie 3

—




&?HOBLQM 78] Let o = @dx + BdY
@ = x9d3-ndt + dxady

(a.) do = dindx + d3ndy,

(6) dp ——(‘Qe\x+xd‘9)r\d§f\dk G W °

= 9 oxnd3ndk “‘XA‘@!\G(}KOUt'_

(c) Ane = (Vox + 389) A (X9 oy Nt 4 dxndy )
= X9 dxnd3ndk + x93 d9 ndEndhk + o+ O

(d.) dlang) = d(x9*) noxndzndk + o (xv3) ndynd3 nd
= 22Xy dndXnd3ndk + 92 dy ndy ndz ndt |

—

— Mgz—zxg}) M A n ¢z ndk lé—n_.:[ [Thee Ahis

’ [NYOZ

RQ/}’}']O\/A s _:L_' J‘!;‘n{o/fé /Jﬂ; //;Le éa not-

W“J’ﬂg o x12) = Ydx +X2dyt+ xvd2

gha T haew dyndzndt  avhnohield
Kills fhe 09 & d2 derm. Hona, Jus

Weive UZ X and o on
SV methed S5 Teibaiz (?jwu )
A (ang) = denp + (0" xndp
—  (Mydx+ dEAd‘a)/\(X‘f dendt + dxndd)

— (Y ox ¢ zdY) N\ [‘é) dx ndzndd + X o3 ndnclt )
= XYy dIndxadendt - Yx xndyndzadk — 29 dyndxndandk
= —2xy oxndgndzndl + Y2 dxndy ndz Adt
:‘,@2 - 2x9) a\md‘omd%m&j




[PhosLem 71 ]

Y We = % (0dctbdd+ cdz)
= (dx}qu()ézdy/ J—C&C@)
= d9ndz  +b d2ndx + ¢ dxndg

4 4
% UJM \?:Cq(b,c>.

I

<}

¥ = ¥ (0dindz +bdendx + ¢ dxndy)

= o(x [dondd)) w6 [ (d2nde) ]+ C[% @X’\M)]
= 00X +bdy +cdz

= Wy
We shed & lecoe St
olf = W gr and o Wp = £ o/ JJE:(V'E/W%
Canridsn e,

0= of (df) = dWy = Fqugy = |V =0O)
0= d(dWe) = d Bg,p =

/- Wxﬁ) xndd ndlz

e
= E(VXF} = oj




