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Problem 1 [3pts| Define a ring R.
We Sav R is a Y"En% 2 R is a set eg{/m%:»%'
wi/%\ twe \Di‘r\a(Ua/ Op-eruﬁ%“mﬂs i"ﬁ“} and g:-} Such %‘ﬁ\,@

(ﬂ,j< R‘+> Lorms  on  abelian %ﬂ‘augﬁ
(a.) (} obe\as &E.S%‘(iaau\ﬁue iuwg -\—i‘\o\f) «g‘%ééqw;
for oMl o, bcelR
(i) a-(b+e) = a-b +ta-c¢
(i}) @+b) ¢ = .a-c+ b-c

(’%) LR, s @sé.:um%\;e; a-b-c)=(o-b)-¢

" Problem 2 [15pts] Prove either a,b or ¢ of the following;:

a. If R is a ring with additive identity 0, then for any a,b € R we have
1. 0a=a0=0
2. a(=b) = (—a)b= —(ab)

b. Every finite integral domain is a field.

c. An element a € F is a zero of f(x) € Flz] iff if z — a is a factor of f(z) in F[z].

%‘?@. rext ;

o,

bee

R




Problem 3 [4pts] Is f(z) = 23 + 322 — 8 irreducible over Q ? Is f(z) irreducible over R (you may use
calculus to answer this).
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Problem 5 [4pts] Let F be a field. If f(z) € F[z] is a polynomial of degree 5 such that f(z) has no

irreducible factors of degree 3 or 4 then is f(x) is 1rredu01ble 2 If thlS is only sometimes true
-explain when and why with an example or two. :
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Problem 4 [4pts] Let R be a ring with unity 1 and » € R. Show that 7 cannot be both a zero divisor
and a unit.
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Problem 5 [4pts] Let R be a ring where a? = a for each a € R. Show that R is commutative. Hint:
For all a,b € R, (a+b)? = (a+b) and (a +a)® =a +a.

Poef: Let o, be R. Obseve (4b), (a+a) €RF sinee &)
is closed, Sina we assume %= G ecadhh xeR \+“‘Q>“cw;/

: 2 ! 2

= a%+a® = o
== Ol =L
T Ay lcewize b = -}

ettty

Con sidan ﬂx;w,‘ i
(O“'t"bya = 0+b = 0%+ab +ba+ é;z = Q,f,w[? :
= ab -lsb& =0
= &b =-ba = ba
Thos Yo, b e R? ob=bea . K_is commutodive

Problem 6 [4pts| Let ¢ : R — S be a homomorphism from a ring R to a ring S. Also, suppose T is
a subring of R. Prove that ¢[T] is a subring of S.
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Problem 7 [8pts] Consider the following questions in Z,
a. Write out the multiplication table for Zg

b. List all members of U(Zo)

c. List all zero divisors in Zg

1 2 .
d. Is (3 4> a unit in Ms(Zs).
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b) U(z)= 11,245, 37
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Problem 8 [2pts] Is Q isomorphic to Z? Why or why not?
gupPéR . & — Z wa a bigeukon. Notten
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Problem 9 [4pts] Is M5(Z,) isomorphic to Z;67 Why or why not?
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Problem 10 [4pts] Is@somorphlc to real dlagonal matrices in D C M>(R)? Why or why not? Here

D={AEM2(R)|A=<8 2) a,b € R}

should be given the usual ring structure for matrices.
o o =| Q o)
LQ{ C‘P(C&,b) = ( b} . Gbserve b 4 (o 3) = (ai{;,,)
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Problem 11 [4pts| List all of the monic polynomials of degree 2 in Zs[z]. Circle all of the irreducible
polynomials in your list.
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Problem 12 [4pts] Suppose a ring R is isomorphic to 2Z and another ring T is isomorphic to 3Z
Show that R is not isomorphic to T. ( Do not assume that 2Z and 3Z are not isomorphic.)

Ideo\ % Use m\a 0\\&%{&!‘!‘-@: 'C ar gﬁj @ ® '@(om
}'\omewwk P %023 —benckgﬁ Q)y‘«"f"D *("‘\.Q \:amw?}’n.rm: %Auen
mplicitloy v prablemi. Svpewe R T, @Z"‘R 3z% T

3
L < ’\PR - R e—cf-—eT-t—-:P—"—a?Z

Notwe # fllows -~ W, oﬂ%«P : A7 —> 37
“\S - on tjomo rphism sineg '\P ’\P %Weam
ond we ore aﬁumﬂ«% (P l'f Uthafp\iﬂum.

GwJC we con P(b\.té. Q Z % 3 z — CF an‘ UomorPha'SVV\
/ doec not exict and
hence R Z T,

Lot me redo 4ha hwle problamn
hece

Z—-—-*’AZ RiT\P%zY

A
“z\ i / T,
. A
- AV N N TR

= >
ﬁ{/l \P CiD \P ,\}, /l{er')/?
\—_—w_____,._
COmPoSvHOY\ of isemor prirme
\‘C R ?T _n‘\fS Wow\d
SMQW ’ZZ :R-" zg |
\ ee.(ka Lohee




