MaTH 321: WEDGE PRODUCT AND ASSOCIATIVE ALGEBRAS Mission 11

Your PRINTED NAME indicates you read Chapter 6 of the notes:

Problem 101

Problem 102

Suppose V is a vector space of finite dimension over F a field'. Let vy, vs,...,v; € V then
we say v1 Avy A+ -+ Ay is a k-vector and the span of all such k-vectors forms A*(V). We
assume the wedge product is k-linear in the sense that:

VA ANvjFcwj N ANvg=v1 AN AU AN~ ANvp+cor A ANwj A--- ANy

for j = 1,2,..., k. Furthermore, we assume the wedge product is antisymmetric with
respect to the exchange of any adjacent pair of vectors:

vl/\---/\vj/\vj+1/\---/\vk:—vl/\~--/\vj+1/\vj/\---/\vk.
Finally, we assume the wedge product is associative.

(a.) Show that if £ > n then vy A--- Avp = 0.

(b.) Let £ < n. Show that if vy,...,v, are LI then the set of k-vectors of the form
vy, Ao A, where 1 <4; <19 < --- <4 <nisa LI set.

(c.) Let k < n. Show dim(A*(V)) = (}).

(d.) Let Q(V) = A°(V) s AN (V) @ A2(V) @ - ® A"(V) where A° = span{l} = F.
Show () is a graded commutative algebra in that a € A*(V) and 8 € AY(V) implies
aA B e AN (V) where a A B = (—1)B A .

(e.) Suppose vy, ...,v is a linearly dependent set of vectors. Prove vy A -+ A v, = 0.

In R? the exterior algebra of differential forms gives us an alternative method to study
vector calculus. In particular, O-forms are real-valued functions of R whereas 1-forms and
2-forms correspond to vector fields

wy = Aidry + Asdxy + Agdxs & Pz = Bidry A dxs + Badxs A dvy + Bsdxy A dxs.
Every 3-form has the form gdx, A dxs A das where g is a real-valued function on R3.
(a.) Show wz Awz =Pz, 5
(b.) Show wz Awg Awg = ((Ax B)+C)dx; Adry A das.

Remark: there is much more to say here, but I'll stop here since these suffice to show the
wedge product creates both cross and dot-products for vector fields. Furthermore, since
we know the triple product identity (A x B)«C' = det(A|B|C) we find a natural transition
to the wedge product definition of the determinant:

Let A € F™*™ then det(A) is the unique scalar defined implicitly by:

coly(A) A\ -+ Ncol,(A) = det(A)eg A -+ Aey,.

Inot of characteristic 2 hence 2 # 0 and —x = 2 implies = 0




Problem 103

Problem 104

Problem 105

Problem 106

In view of the above definition, calculate det(A) for the following matrices:

1 211
2419
@) A=13465 3|
4 8 3 4
(b.) A=1¢€ R"™" the n x n identity matrix.
1 21 1 9
(c.) A=M &N where M = | 0 4 3 | and N =
155 -

If T:V — V is a linear transformation then it naturally induces a p-th exterior power
denoted APT : APV — APV by APT(vy A+ Awvp) =T (v1) A--- AT (v,). Explain:
(a.) if S,T:V — V then AP(S-T) = APS APT

(b.) (APHT) (p Ay) = (AT) () A (AIT) (1)

(c.) if Ty, is matrix of the p-th exterior power of 7" in the sense that (APT)(e;) =
> sesTyr then calculate the p = 2 matrix [T);] in the case V has basis § =
{ey, es,e3}. Note, the natural lexographic ordered 5% = {e; A ea,e1 A ez, es Aes}.

(d.) Since A3(T)(e; A ez Aez) = det(T)ey A ey A ez we can use (b.) to uncover a myriad
of formulas for the determinant. For example, as we define A'T = T'. Write out
A2+1(T)(61 A €9 VAN 63) = T(el) VAN A2(T)(61 A 62)
and identify the identity as a particular cofactor expansion about a row or column.

Let A € F™*™ and suppose vy, ..., v, € F" then we define
A(vg A Awvg) = Avg A -+ A Aug

for each vy A --+ A vy, € A¥(F™). Given A, B € F™", and v € A*(F"), show the product
above satisfies:
(AB)y = A(B7).

Consider v = e; A -+ - A e, and show that det(AB) = det(A)det(B) follows. Also, use the
exterior algebra to derive the identity det(cA) = c¢"det(A) for A € F**" and c € F.

A matrix model of the exterior algebra on R?:
Consider 8 = {1,ey,ea,e1 A e} serve to generate V = span(f) as a real vector space of
dimension 4. I'll arrange the A products in a table:

1 el €9 e1 N\ ey

1 1 €1 €9 €1 N €9
€1 €1 0 e1 N\ ey 0
€9 ()] —e1 N\ ey 0 0
€1 A\ €2 | €1 A €9 0 0 0



Problem 107

Linear transformations on V' naturally correspond to 4 x 4 matrices. Notice, we can define
the left multiplication maps with respect to the wedge product: L,(y) = x Ay. Then, the
set of [L,]s5 € R4 Tl set it up:

[Lzlps = [[La(1)]s][La(er)]pl[La(e2)] sl [La(er A e2)]4]
= [[z]gl[x A ed]gl[x A e2]g|[x A €1 A ea]g]

For example,

[Leils.s = [led]sller Aer]sller Aea]sllea Aer Aes]s] = [[er]|0][ex A ea]s|0] =

o O = O
o O OO
_— o O O
o O OO

(a.) Complete my work by finding [Le,]s5, [Lesneals,s and the far more relaxing [Ly]ss.

(b.) Check that ([Le,]s,3)* = 0, ([Ley]p,s)* = 0 and [Le,|p8[Les) 3,8 = [Leynes)s,s Whereas
[LGQ]ﬁﬂ[L@]ﬁﬁ = _[L61/\62]ﬁ:5

Remark: [ know that part (b.) will work out since we can easily calculate in general that
LyoLy(z) = L,(yNz) = xAyAz = Lypy(2). The neat thing here is that if you forget about
the abstract ey A\ es and just think about these 4 X 4 matrices then you can see that the
algebra of the wedge product on R? is easily implemented with 4 x 4 matrices. Generally,
we can follow much the same construction to build the wedge product algebra on R™ by
representing it on 2™ X 2" matrices. This gives us one concrete construction of the exterior
algebra. To be honest, in Math 422 there is a more robust and elegant manner in which
the exterior algebra can be constructed in terms of an appropriate quotient space by an
ideal which implements the core identity of the wedge product. It turns out that formal
algebraic object is isomorphic to the far more concrete set of completely antisymmetric
multilinear maps. Both of these are known as tensors, the algebraic quotient idea is
how mathematicians tend to construct such objects, the multilinear maps underlie the
calculations typical of Physicists who use tensors to formulate foundational equations of
nature. Qur application here is less ambitious, I merely wish to show you how we can use
the exterior algebra with its wedge product to deconstruct the properties of the determinant.
Hopefully this also serves to give you a good introduction to associative algebras.

Let A = R™ be an associative unital algebra with multiplication x : A x A — A which
defines a bilinear map such that

ux(Vxw) = (uxv)*xw

and there exists 14 € A for which 14 xv = v = v+ 14. We define ¢/, : A — A by
ly(z) =vxzforall z € A

(a.) Prove £, o0y, = Ly, for all v,w € A,

(b.) Show ¢, € L(A) for each v € A,

(c.) Define M(v) = [¢,] and show ¥ : A — R™*" defined by ¥(v) = M(v) defines a linear
map for which (v x w) = M(v)M(w)



Problem 108

Problem 109

Problem 110

(d.) In the algebra A an element z is called a unit if there exists 7' € A for which
rxr ' =14 =2 '%xz. Show z € A is a unit if and only if M(z) is an invertible
matrix. In particular, x € A is a unit if and only if

det|x x eg|x x eg| -+ |z *e,] #0.

Let Hy = R @ jR @ j2R define the 3-hyperbolic numbers. This notation indicates e; = 1,
es = j and e3 = j2 and we use juxtaposition to denote the multiplication of Hs where
7% =1 by definition. We define:

(a+bj+ cj®)(x + jy + j%2) = ax + bz + cy + (ay + bz + ¢2)j + (az + by + cx)j°

(a.) Find M(a + bj + cj?),

(b.) Determine the condition required for a + bj + ¢j? to be a unit and find the formula
for (a + bj + cj?)~! in that case.

Suppose A = R* is given the noncommutative product induced from the multiplication of

2 X 2 matrices:
a b t x| [at+by|ax+bz
c d y z| | ct+dy|cx+dz

We define,
(a,b,c,d)x (t,z,y,z) = (at + by, ax + bz, ct + dy, cx + dz).

(a.) Find M(a, b, ¢, d),
(b.) Determine the condition required for (a,b, ¢, d) to be a unit and find the formula for

(a,b,c,d)™" in that case.

Let V' = R" and consider the exterior algebra QV = @&7_,APV then we denote the mul-
tiplication on QV by A as we have discussed. An interesting mapping on QV is given by
Hodge duality which we denote by *. Given o € APV we define xo € APV to be the
unique (n — p)-vector for which:

oAxo = |o|Per A Aey.

Here ||o|| denotes the length of o € APV thought of as an (}) vector. For example,

0':61/\62+3€1/\€3+8€2/\63 = HO'H:\/12+32+82.

or
ocg=3e1NeaNes+4deaNesNes = |o||=v32+42=5

Since ey = e; A -+ A e;, has length one we can easily determine the Hodge dual of the
basic p-vectors:

o=e = e Nxoc=e Ney/Ne3 = %0 =¢e9/es.

Linearly extending, we can easily deduce for R? that xw; = ® ; whereas *® ; = w3 and
*1 = e; Aes Aes. I found the boxed formula about a fairly easy to understand method to



calculate Hodge duality. That said, there is a way to understand it in terms of musical
morphism which is rather beautiful. Let us develop the idea, hang with me it takes some
steps.

Let o, 8 € APV then o = ) ; ayey and § = ) ; aye; where the sum over I,.J are over
all strictly increasing multi-indices of length p; I = (i1,...,4,) where 1 <4y <iy <.+ <
i, <n. We define g, : APV x APV — R via

gp(a, B) = Z arfr = Z T Z aih...,z'pﬁih...,z'p
T ——
1<ir<-<ip<n
Notice ||a]] = \/gp(c, @) and you can easily verify g forms an inner product.

Next consider o € APV and ~;,7, € A" PV. Since A"V = span{e; A--- Ae,}, we observe
there exists ¢ (71), ca(72) € R for which

alAy=cam)er A~ Ne, & aANy=ci(r)er A Nen.

Consequently, for b € R, we can show ¢, (by1 +72) = bco(71) + ca(72) thus ¢, € (A" PV
Since g,,—, is an inner product on A"7PV we apply the musical morphism to select fc, €
A" PV the unique (n — p)-vector for which:

g(fca,7) = ca(v).

We can define the Hodge dual by , we can prove x : APV — A"7PV defines an

isomorphism. This is not surprising since we know that (Z) = (nﬁp) hence dim(APV) =
dim(A™PV). If we think about v = e; where |J| = n—p then aAe; = co(es)er A+ Aey,.
Then, if we set a = e; where |I| = p then e; Aej = c.,(es)er A -+ Ae,. Hence

I, InJ=0,0(l,J)=(1,...,n)and o an even permutation
Ce,(eg)=e(l,J)=q-1, INJ=0,0(l,J)=(1,...,n) and o an odd permutation
0, INJ#0

However, g(xa, e;) = cq(ey) implies o =) ; co(es)es. In particular,

*xep = Za([, J)ey

J

which reveals, in terms of the completely antisymmetric symbol,

*Citoip = €ityeoipytyenin—p€it N N €y
where {i1,...,0p, 71, Jn—pt = {1,2,...,n}. For example,
*€1 = €193 . nCa NeE€3 N - Ne, =esNes N ---Ne,

*€9 = €913 . pn1 NeE3---Ne, =—e  Nes N\ ---Ne,



Or, to give a 7-dimensional example,
*€3 A €5 A €7 = €3571246€1 Nea Neg N\ € — —€1234567€1 Nea ANeg N\ €g — —€1 Nea ANeg N\ €g.-

I'll circle back to our original boxed equation to see if the calculation above agrees with
the original method. Let 0 = e3 A e5 A e; then

o Axo = (e3 Nes Aer) A (—er Aea Aeg A eg)
=—e1; Neag Neg NegNegNes N\ er
:—61/\62/\63/\64/\66/\65/\67

:€1A62/\€3A€4/\65/\€6/\€7.
Enough introduction. Now the question:

(a.) Show ¢, € (A" PV)* (see introduction for meaning of notation),
(b.) Show * is an isomorphism of vector spaces,

(c.) Calculate the Hodge dual x on R*.



