MATH 321: SUBSPACES, LINEAR TRANSFORMATION, SPANS, LI MISSION 2

Your PRINTED NAME indicates you read Chapter 2 of the notes:

Same instructions as Mission 1. Notation V(F) indicates V' is a vector space over the field F. Assume
V' has the natural field of scalars unless otherwise instructed, for example R" is a vector space over R
whereas C" is by default a vector space over C.

Problem 11

Problem 12

Problem 13

Problem 14

Problem 15

If W is a subspace of V(F) then prove it, otherwise explain why it cannot be a subspace

(a.) V=R?*with W= {(z,y) e R? |z +y =1}

(b.) V=F[R) with W ={f(t) e F(R) | f(3) =0}

(c.) V =C? with W = {(z,w) € C* | Re(z) + Im(w) = 0}
(d.) V(R) =C™" with W ={A € C™" | Ay = iAy,}

(e.) V =Rz, y] with W = {c; + cowy + c39® | c1,¢2,¢3 € Zs}
(f) V=Q° with W ={(a+bb+c,c+a)l|abceQ}

Let M, N, P be subspaces of V' over the field F.

(a.) Suppose M is contained in P. Prove PN (M + N)= M + (PN N)
(b.) Show PN (M + N)# (PN M)+ (PN N) if we are not given that M C P.

Let Vi and V5 be vector spaces over F. Define V = V; x V5 and let vector addition and
scalar multiplication be defined as follows:

(w1, 22) + (y1,42) = (21 + Y1, 22 + Y2) & c(z1, 12) = (cx1, cT2).
Prove V' is a vector space over F.

Let V' be a vector space over R. We define the complexification of V as Vo =V x V
where we define + : Ve X Ve — V¢ and scalar multiplication C x Vi — V¢ via

(21, 22) + (Y1, ¥2) = (1 + Y1, T2 + y2) & (a+ib)(x1, x9) = (axy — bxg, axq + bxy).

Prove V¢ is a complex vector space.

Note: we often use the notation (1, x9) = x1 + ixo in which case the scalar multiplication
rule above is given by (a + ib)(z1 + iz2) = axy — bxre + i(axe + bxy). Notice this can be
remembered by the simple rule i> = —1 and procede by the usual rules of algebra.

Suppose W is a vector space over F and S is a set. We define F(S, W) to be the set of
all functions from S to W. Show F(S, W) is a vector space over F'. Also, if you're given
vector spaces V' and W both over F, then show L(V,W) ={T:V — W | T linear} is a
subspace of F(V,W).

Ldefine how we add vectors and scalar multiply vectors in F(S, W) and show why several of the axioms hold true,
you don’t have to do all the axioms




Problem 16 Let M, N be subspaces of V(F) for which M+ N =V and M NN = {0} then we say V is
the direct sum of M and N and write V = M @ N. Prove the following are equivalent:

i) V=MaN,
(ii.) for each z € V, there exist unique elements y € M and z € N such that x =y + z.

Problem 17 We denote F(R) = F(R,R). Let T C R.

(a.) Prove V={f e F(R) | f(t) =0 for all t € T'} is a real vector space.

(b.) Observe M ={f eV | f(zr) =0forz <0} and N ={f eV | f(z) =0 for x > 0}
are subspaces of V. Prove V =M & N.

Problem 18 Given S = {u,v,w} is a spanning set for V', show T' = {u,u + v,u + v + w} is also a
spanning set for V.

Problem 19 Given S = {u,v,w} is a LI subset of V', show T' = {u + 2v + w,u — 3v + w,u + v — Tw}
is also a LI subset of V.

Problem 20 For any n € N, show S = {Id, D, D?, ..., D"} is a linearly independent subset of V =
L(R[x], R[z]). Here we denote D[f(z)] = f'(x) and D?[f(x)] = f"(x) whereas Id(f(z)) =
f(z) for f(z) € Rz].



