
Math 321: First Isomorphism Theorem & Dual Space Mission 5

Your printed name indicates you read Chapter 3 of the notes: .

Same instructions as Mission 1. Notation V (F) indicates V is a vector space over the field F. Assume
V has the natural field of scalars unless otherwise instructed, for example Rn is a vector space over R
whereas Cn is by default a vector space over C.

Problem 41 Provide an explicit isomorphism Ψ : V → W for the following:

(a.) V = F× Fm×n and W = Pk(F) where F is a field,

(b.) V (R) = Cn2
and W = Rn×n × Rn×n,

(c.) V = {A ∈ R2×2 | AT = −A} and W = R[x]/M where M = span{x2, x3, x4, . . . },
(d.) V = (R2×2 )[x] and W = (R[x] )2×2,

(e.) V = Rm×n and W = L(Rn,Rm).

Problem 42 Suppose V = M ⊕N . Prove V/M × V/N ∼= M ×N .

Problem 43 For U, V,W finite dimensional vector spaces over the field F. Argue L(U,W ) × L(V,W )
is isomorphic to L(U × V,W ) via dimensional arguments. Also, construct a mapping
Ψ : L(U,W )× L(V,W ) → L(U × V,W ) and prove your map is an explicit isomorphism.

Problem 44 Let V = F(R) be the set of all functions on R. Let W1 be the set of all even functions
(f(x) = f(−x)) and let W2 be the set of odd functions (f(−x) = −f(x)). Show V/W1

∼=
W2.

Problem 45 Define Dk : R[x] → R[x] by D[f(x)] = dkf/dxk. Show Dk is a surjection and find the
formula for the inverse of the mapping Dk : R[x]/Ker(Dk) → R[x] where Dk(f(x) +
Ker(Dk)) = Dk(f(x)) for each f(x) ∈ R[x].

Problem 46 Let V = spanF(β) where β = {v1, . . . , vn} is a basis. Define β∗ = {v1, . . . , vn}, the
dual basis by linearly extending the rules vi(vj) = δij for all 1 ≤ i, j ≤ n in order that
vi : V → F is a linear map for each i = 1, . . . , n.

(a.) prove β∗ is LI,

(b.) show α ∈ V ∗ implies α =
n∑

i=1

α(vi)v
i hence span(β∗) = V ∗

(c.) prove Φβ = (v1, . . . , vn), that is the dual basis form component functions of the β
coordinate map

Problem 47 Since tr : Rn×n → R is a linear map it follows tr ∈ (Rn×n)∗. Express the trace in
terms of the dual-basis of the standard basis {Eij} which we will denote {Eij} where
Ekl(Eij) = δikδjl serves to define the dual basis.



Problem 48 Suppose W is a subspace of V (F). Let ann(W ) = {α ∈ V ∗ | α(w) = 0 for all w ∈ W},
this is the annihilator of W in the dual space.

(a.) Prove ann(W ) ≤ V ∗

(b.) If W1 ≤ W2 ≤ V then prove ann(W2) ≤ ann(W1) ≤ V ∗

(c.) If V is finite dimensional then dim(ann(W )) = dim(V )− dim(W ).

Problem 49 Suppose V,W are finite dimensional vector spaces over F and let G : V → W be a linear
mapping. Define the dual of G ( this has various names in various places ) by

(G∗(α))(x) = α(G(x))

for each x ∈ V and α ∈ W ∗. Prove G∗ ∈ L(W ∗, V ∗). Determine how the injectivity or
surjectivity of G relate to the injectivity or surjectivity of G∗. Also, how does the rank of
G and G∗ relate ? Prove your assertions.

Problem 50 Suppose V is a finite dimensional vector space and V = W1 ⊕ W2. Does it follow that
ann(W1)⊕ ann(W2) = V ∗ ? Prove or disprove.


